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Abs tl: a·c t . 

Box and Jenkins proposed the so called "aicline" 

model (AL) as a pcototype model foe monthly time secies. 

In addition, seveeal authoes have ceied to identify tohe 

cype of AR!l-f.A modal foe wtlictl ehe Census X-11 mettlod is 

3uitable, ·;nd have found chae ie is:. Ó.~12 Xt=tVCL)a c ' (CX), 

wheee 'jr(L) is a polynomial oE otcl;eeche 14, 2S oc 25. 

In this pape.: we seudy the significance of the 

difference becween AL and CX by appeoximacing CX by a moce 

parsimonióus modelo The model ootained foe che 

approximaÜon of cx is an A.:ima (1,1,2)(0,1,1), t,,;hich foe 

the standard opeion of the Census X-11 pcog::am is 
2 12 

estimated as: (1-0.94L)Ó.~12Xt=(1-1051L.0.89L )(1-0.47L )aco 

We denote che A.:ima (1,1,2)(0,1,1) models with simila.: 

chacactecistics by ALX. 

The most: notable difference between ALX and AL 

models can be seen in the corcesponding autococcelation 

functio!l (acf). This d.iffeeence consists of a decreasic.g 

sequence of positive values in lags t;.;o to ten 

(P2:0.2) of the acf of ALX models. Thus we see that 

these models repeesent a peototype oE A.cima models, which 

incorpora tes a stability facto!: which is absent from the 

AL modelo 
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Key Wor:ds: ARltI.A modelo Seasonal models. Seasonal 

adjustment. 

4.- Introductíon. 

In the Box-Jenkíns (1970) text the follo~íng 

AR I}I'.A ;no del 

(1) 

is suggested as being one that can be useful fOI: monthly 

seasonal series. This point is iLlustrated by fitting the 

model to a data series oE airline passenger5. Several 

authors have 5ubsequene.ly found chae. (1) i5 a conveniene. 

model to explain monthly series and ie. has come to be 

kno~n as e.he airline modelo 

For: monthly series the X-11 seasonal adjustment 

method is ~ídely used and Cleveland and Tíao (1976) have 

inves t iga ted the e.Yge of ARlMA mode 1 f o e ~hich the X-ll 

method is appr:opriate. This problem ~as faced eaclier: by 

Cleveland (1972) and has recently been studied by Burridge 

and Wallis (1984). These last authors scudy. not only che 

standard X-11 procedure, but also t~o othecs that im91v 
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shoz:~ez: and longer fil ~ez:s, respec~ively. We IJill deno~e 

~hese ~hz:ee alteJ:o.a~ives by X-II(84), X-1I(72) ao.d 

X-IICI08} ("). 

The models ~he above-mentioned s~udies 

propose as suppoz:~ foz: ~he X-II method are of the 

follolJi.c.g type: 

(2) 

ao.d the coefficieo.ts of the *CL) 

1( ..... ). The au~ocorrela~ion fuo.c~ions 

type of process (W} such ~hat 

are qi ven in 

cocresponding 

table 

te a 

are given in table 2 and figure 1. fo: the different 

*(L) polynomials of table l. 

Inspection oE table 1 ao.d figura 1 suggests that 

model ( 1) could be an approximation of the models 

expressed in ( 2 ) , because che important 

coefficieo.cs .. re *1 and '41'12' Nevertheless che 

models in table 1 are not exactly 1ike mo del (1). In f a e t • 

lookio.g at the autocorrelation functions Cacf) of w 
t' 

(") These ~hJ:ee alternatives refer to symmetric filters. 
Burridge and Wallis (1984) also considered the X-ll 
method IJith non-symmetric filters but in this paper 
IJe are only concerned IJith che case of symmetric 
filters. 

c .... ) We are grateful to Frof. Wallis for supplying us IJith 
the models for X-ll(72) and X-IICI08). 
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Table 1. 

*(L) ir L * L2 26 
= 1 + + + "'+*26L 1 2 

! 
BURRIDGE- BURRIDGE- BURRIDGE- CLEil'ELAND CLEVELAND-: 

1rj WALLIS WALLIS WALLIS TrAO 
X-l1(72) X-IICI08) X-l1(84) X-ll X-1I 

1r O 
1.000 1.000 1.000 1.000 1.000 

*1 -0.681 -0.663 -0.67 -0.23 -0.337 

*2 0.317 0.272 0.29 0.25 0.144 

* 3 
0.220 0.232 0.23 0.22 0.141 

*4 0.205 0.226 0.22 0.22 0.139 

1* 0.195 0.222 0.21 0.22 0.136 I 5 
I ir. 0.185 0.218 0.20 0.22 0.131 

o 
ir 7 

0.175 0.215 0.20 0.22 0.125 

ir 
'8 

0.165 0.212 0.19 0.22 0.117 

1tr 
'9 

0.156 0.210 0.19 0.21 0.106 

*10 0.112 0.206 0.18 0.20 0.093 

'1f 11 0.070 0.173 0.12 0.14 0.077 

*,., -0.106 -0.530 -0.33 -0.55 -0.417 
J._ 

*13 0.213 0.656 0.45 0.29 0.232 

*14 0.044 0.003 0.02 -0.01 

'11" 15 0.002 

* 1 • 0.001 _o 

*17 

*18 

*19 -0.001 

*20 -0.002 -0.001 

1'\1 21 
-0.002 -0.003 

*22 -0.003 -0.004 

*23 -0.021 -0.007 -0.01 -0.006 

'11"24 0.087 0.025 0.04 0.035 

'11"25 -0.085 -0.024 -0.04 -0.021 

'11"26 0.026 0.007 0.01 
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Table 2. 

AUTOCORRELATION FUNCTIONS 

I 
BURRIDGE- BURR!DGE- BURRIDGE- CLEVELAND CLEVELAND- i 

LAG WALLIS WALLIS WALLIS TIAO 

X-ll(72) X-llC10S) X-1l(84) X-ll X-11 

O 1.000 1.000 1.000 1.000 1.000 

1 -0.326 -0.323 -0.306 -0.061 -0.250 

2 0.234 0.189 0.208 0.266 0.130 

3 0.168 0.166 0.178 0 .. 226 0.120 

4 0.153 0.150 0.160 0.201 0.110 

5 0.134 0.129 0.139 0.175 0.090 

6 0.117 0.112 0.117 0.150 0.080 

7 0.089 0.093 0.100 0.125 0.070 

8 0.072 0.072 . 0.077 0.100 0.050 

9 0.071 0.056 0.060 0.075 0.040 

la, 0.043 0.040 0.049 0.045 0.030 

11 0.125 0.272 0.227 0.178 0.180 

12 -0.141 -o 378 -0.300 -0.326 -0.350 

13 0.106 0.257 0.209 0.153T 0.160 

14 0.019 0.001 0.008 -0.004 

15 0.002 0.001 

16 0.001 

17 0.001 0.001 

18 0.002 0.001 

19 0.001 0.001 

20 0.001 0.001 

21 0.001 

22 0.015 0.001 0.005 

23 -0.054 -0.010 -0.021 -0.010 

24 0.084 0.016 0.032 0.030 

2S -0.058 -0.008 -0.021 -0.010 

26 0.016 0.005 
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table 2 and figure 1, we observe that they diffec in two 

aspects with :espect to the acf of model (1). Firstly, the 

acf of (2) has values different from zero at lags 2 to 10 

and, secondly, although it may be symmetric around lag 12, 

the constraint. 

is not fulfilled. 

What we aim to do hece is to look at the 

importance oE the diEEerence bec-.;een the two models and 

then, iE the difference is not trivial •. to determine which 

model could be taken as a bectec pcotocy~e to explain 

monthly seasonal secies. Te study chese diffecences in 

section II oE che gager we ag9coximace model (2) by a moce 

pacsimonious model such as (6). Then the gcogecties cE (6) 

and .. (1) are comga.:ed and impoctant differences are 

detected in the regula.: Eactors; (ó) is chus propasad as a 

beteet ¡;lrototy~e model. In section I II we point out some 

imglicacions oE the resulcs. 
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!!.- A pa,simonious model supporting the X-ll method.-

!e 1.S worthy of note that with simple models foro 

the trend and seasonal components the above-mentioned 

studies obtain the overall complex model (2)(~). This 

maltes one suspect that model (2) cou1d be appeoximated 

quite well by an ARIMA model with on1y a few paeemete,s. 

For models of cype (2) .... ith polynomials o/ (L). 

as given in Tabla 2, .... e t,y co approximata chem!:ly ir.odel. 

(1) and by che foLlowi~g othee models: 

(1-1> L,) 
a 

t 

(1-9 1L - 9 2L2 - 9 12 L12 - 9 13 L13 - 9 14 L14 ) 

(1-1> L i ) 

e '" 2 ('-9 r12) (1- 1 L - O 2 L) ~ 12~ a. 
'-

ar.' 

and 

a •. 
'-

("') A1l these authoes sear:ch for an overall model fixing 
the autoreg,essive part at t.f. 12 and to what extent 
this restriction is responsibl.e foe the comp1exity of 
(2) sti11 remains to be studied. 

( 3 ) 

(4 ) 

( 5 ) 

( 6 ) 
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Modeis (3) to (6) have been chosen because they 

contain sufficient factots to captu.r:e the essentiai 

aspects oE the autocor.r:eiation function of model (2). 

In the approximation ptocess we expand the 

stationa.r:y ARMA Eiite.r: of. models, (1) and (3)-(6), iI:'. a 

moving average form, o/.(L)~1+o/·1L+~*2L+""'+~*nLn, 
and we estimate the pa.r:ameters oE the given AR..'J1A fiiter: 

that minimize the sum oE squares, 

(7 ) 

whece \lf . j are the coeEficients of the cottesgonding 

of Table l. In the minimization gr:ocess ~(L) po lynomia 1 

we have tried n = 15 and 40. 

Tae root mean squared arroes of these estimations 

ate givenin Table 3. The resules can be summarized as 

follows: 

1. The woest agpr:oximating filtee is AA(l) (12), 

foliowed by the incomplete additive filtee 

AR(l) MA(l, 2, 12, 13) ("'). Nevertheless for: 

the Cleveland-Tiao X-l1 model, the ~..A(1) (12) 

ap9roximation is better than foe ehe other 

models. 

( ... ) We denote the ARMA fUtees by AR( )( ) MA( )( ), 
putting ,~ ~~c :i::~ ==acket~ ==:~: ~~~ HA the 
non-zero powecs oE L for which the polynomiais in L 
has a coefficient diEferent from zero. In the second 
btackets we put the corresponding powers of L in the 
polynomials in L12. 
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Table 3. 

Approximatinq A~~ factors for the v(L) pelynemialE 
correspcndinq te the X-l1 ARlMA models: 

Rect mean squared errees 

3.A. ~(L), Burridge-Wallis X-Il (841 

I 

AR(l) AR(l) AR(1)(12) AR(l) 
MA(1)(12) MA(1.2.12. MA(I.2,12, MA(1.2)(12) MA ( 1 • 2 ) ( 12 : 

13) 13 ,14) (12) 

0.=40 0.108 0.066 0.013 0.010 0.013 
n=lS 0.175 0.090 0.015 0.015 

3.B. ~(L)r Burridge-Wallis X-ll(72) 

I 

I 
I 

0.=40 0.099 0.037 0.024 I 0.017 0.024 
0.=15 0.159 0.042 0.020 I 0.020 

I 

3.C. ~(L), Burridge-Wallis X-IICI08) 

0.=40 0.116 0.100 0.008 0.006 0.008 
0.=15 0.189 0.162 0.009 0.009 

3.D. ~(L), Clevelao.d X-II 

0.=40 0.109 0.045 0.009 0.011 0.011 
n=15 0.178 0.063 0.014 0.017 

3.E. *(L), Cleveland-Tiao 

n=40 0.063 0.035 0.008 0.005 0.008 
0.=15 0.120 0.048 0.006 0.008 
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2. In all cases but Cleveland X-1I Che best 

approximation is obtained by the 

multiplicative AR(l) (12) MA(l. 2) (12) Ei1ter. 

But the <tJ 12 parametec has a value close to 

zeto. around -0.08 (.,.). indica ting tha t tJe can 

ta!<e the A..J:t(1) MA(1.2)(12) to approximate ch.e 

'!TCL) filters. 

3. In the aEorementioned four cases che AR(l) 

MAC1.2)(12) fi1ter provides an approxim4tion 

as good as that obtained 'Jitn tne A.."l.(l) MACl, 

2. 12. 13. 14) fiIter. This lattee fEtar 

fulfils the mulciplicacive eestriction oE the 

foemer. 

4. Far the IV(L) polynomial ?ut. foc'".JaJ:d by 

Cleveland the best a99co:ü:nati')n i5 obtai:J.E:d 

'Jith the additive Eiltee AR(l) AA (1. 

13. 14) • but ",' t .. 1S appcoximation 

., 
~ . 

is 

12 • 

not 

substantially bet.ter t.han that given by the 

multiplicative A..:t(l) ~_"-(1.2)(12) filter C ..... ); 

and '.ole can say t.hat t.his filt.ec can be used t.o 

ap9coximate this IV(L) golynomial. 

We '.;ill denote model (ó) as the aicline-X11 (ALX) 

model and t,.;e '.;il1 use it ta appeoximat.e models (2) of 

Table l. The ALX models 'Jhich cocr.espond to t.hose of Table 

C",) For the cleveland X-ll(84) th.e value of the <tJ12 
parameter is -0.34. 

(**) In the additive fiIter. 913=-0.822 and 914=0.281 
and 9 1 9 12 =-0.870 and 9 26 12 =0.339. 
therefore the multiplicative cestriction is not too 
stcong. 
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1 are given in Table 4 (*). It is imporeant to observe 

ehat for a11 models oE Table 4, the MA (1,2) factor has 

complex roots and so there cannot be any cancellation ~ith 

the AR (1) factor (**) .Thia sho~s that the ALX model is a 

parsimonious representatioa of the models (2) ~hich have 

been suggested to support the X-ll pcocedure. 

The goodness oE the appcoximation can be seen ia 

figure 2 ;.¡hich represents the spectral eransformations of 

the 'i"(L) and AR(l) MA(1,2)(12) fileers. The figure also 

includes the spectral transformaeion of che MA(1)(12) 

filters oE Table 4 showing ehae ~ith models of type (1) ~e 

gee an unsatisfactory approximation of models (2), aC 

frequencies less Chan rr/2. 

The big differences :,ec· .... een· the rnodels oE ty';?e 

(5) and oE cype (1) in 'rable '* are o.oe in che seasonal 

~_~(12) Eaceor but in ehe rese oE t~e staeionaey A~~ 

componenc. We ~ill denote this by the regular factor. The 

speceral cransformacions oE che regular Eactors of Table 4 

are given ia figure 3. We see in this figure ehac the 

spectra oE che AR(l) MA(l, 2) and MA(l) Eactors only 

differ substantially at frequencies less ::han Tr/2. The 

regular Eactor of the ALX rnodel is characterized by having 

( '" ) In Table 4 ~e also include the estimates oE model ( 1 ) 
ehae approximate the models oE Table 2. The 
approximation procedure has also consisted of 
minimizing che sum of squares of che deviations in 
the 'i"j coefficients. 

(", ... ) t'or the ALX corcesponding to Burridge-Wallis X-ll 
( 84) the coots oE the ~.A (lo 2 ) factor are: 0.805 .::. 
0.4961. 
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Table 4. 

Estimates of models (6) proposed to approximate tUt 

~(L) polynomials of table 2 

BURRIDGE-WALLIS CLEVE LAJ.'ID CLE'lEL~z\'¡''ID-

X-1l TrAO 

X-l1(108)\ 
X-ll 

X-11(84) X-11(72) 
! 

~l 0.940 0.88a 
*'~~ 

0.972 0.971 0.943 

e· 1 
1. 610 1. 569 1. 636 1.179 1.273 

6 2 -0.894 -0.893 -0.892 -0.440 -0.466 

9 12 _ I 0.472 0.198 0.715 0-.713 0.497 
I 

! Modulus I 
I of the I 

complex 
I .coa ts of! 
I MA(1.2) I 0.945 0945 0.945 0.663 0.682 

I 

Estimat.es of model (1) that app.cox:imate the '.!t(L; 

90lynomials of table 2 

0.73 

0.43 

0.697 

0.17 

0.766 

0.651 

0.298 

0.584 

0.368 

0.442 
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maximum power Ole ftequency zeeo and a dip around che 

seasonal frequeney ~/6; and che regulat faetot of che 

aitline model has a power ehae ineteases wiCh che 

frequeney. Comparing che airline and che ALX models we can 

say ehae che multiplicative setueeure of che model 

proposed by Box-Jenkins is noc in question. possible 

improvements to Chis" model ca explain a large numbet of 

~eties must be mOlde an the tegulat faceot of the modelo 

The tegular faceoe in (1) is an MA(l) ehat is 

usually eseimated wieh a posieive coefficient. This is 

useful for explaining a negative fitst. otder 

autocoerelation. In peaceice, afeer eaking monthly and 

annual differences in a given series eo obtain 

stationarity. we obse:ved tha: the transfotmed series 

shows oscillaeior.s and ehat one oE che main aspeccs oE ies 

correlogram is a negative value in the fiest lag. 

Theeefote the cegular factor of (1) captures oae of ehe 

main aspects oE the dynamics present in many time series, 

but the MA(l) factor alone could imply excessive 

oscillation ar.d it would be use fuI to add to ie another 

factor which induced some seability. This can be done by 

adding an ARMA(l.l) • aild in so doing we end up with Oln 
i 

ARMA(l,2) for the eegular factoe. as in model (6). 

rt is important to obsetve thac foe differenced 

seeies the oscillOlcocy pattetn domina tes any possible 

underlying stabilicy. Consequently the cottelogram, in its 

regular part, is dominated by a negative value in. the 

firse lag, even when small posicive values aI:e possible 

after ie. Therefore, when we try to model a series with 

these characeeristics, what seems more relevant is co 

capture the aforementioned negative autocoreelation and 

this is done wi th an MA( 1) factoe. Having. included an 
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MA(l). if we want to capture a minoc soct 

che series ceflecced by small positive 

correlogram after lag one. we will need 

of stability in 

values in che 

a factor tha t 

could induce sorne structure in the correlogcam. Le .• we 

will need an AR(l) factor with a positive root C"). Eut 

this AR factor must act in che correlogram from a positive 

value and not from a negative cne and therefore .... e need 

anothec MA(l) to change the value of the coccelogram from 

negative. in the ficst lag. to positive. in the second. In 

this way we end up ~ith an A~~(1.2): 

(7 ) 

If. as ',.¡e :"ave mentioned. c:"e possi~le cegula.::i:y 

in a dif:erenced secies is o: small ocdec com~ared ~ith 

che marked oscillaeion t:"at sueh a secies usually shcws .. 

i e wi 11 be difficult, in pcaccice, to estimate the 

AR}\'.A(1.2) factoe and very ofeen we \o1i11 datect only the 

MA(l) componene. But ae this poine ie lS impactane to 

considee ~hat tactoe corild be mace suicable foe real 

secies. In chis raspect we can say Chat che ARl-!A(1.2) 

incorpoea::es a seability that seems eeasonable. and so (,Je 

can conelude thac model (5) is mace eobust t:.han model (1). 

H. capeuces the main features of (1) and in addicion, has 

a factoe of second oedee impoetance. Thís could explain 

the robustness of the X-ll method. 

(-) The negative autaeoccelation is reflected in the 
spectrum by the important contribution o: fr:equencies 
betwen Tr/2. and il', and che positive cor:relation by 
che contribution of frequencies acouad zeco. 
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IIL- Imglications for mOdelling and seasonal 

adjustment.-

The aboye discussion has some implications for 

modelling monthly series and for estimating their seaso~al 

factors. A first principle in modelling implies that oae 

must capture the important aspects, in our discussicn 

"dynamic aspects", of a secies and foc each aspect we must 

employ appcopciate instruments. We denote this grinciple 

as che ~z:in.cipl~óf adequacy. If. and on1y iE, it is 

fulfilled a seconéC'one must be consider'ed: the principle 

oE pacsimony. In this coatext one should specify first the 

essential chacactecistics that a model should have and 

then try to be as pacsimonious as possible. Tz:ying to be 

parsimonious without 

aspects that cannot be 

having 

omitted, 

specified 

CQuld~ be 

the essential 

daagerous. ThuS, 

with an MA (1) factor we can only appcoximate the dynamic 

behaviour reflected in the first value of the 

autocorcelation Eunction and if the regular part oE the 

autocorrelation function i5 e55entially more complex, as 

i5 the case in table 2, with modal (1) we wil1 violate the 

adequacy principle. On the other hand, (2) with \f'(L) of 

the order 14 or more i5 by no means a parsimonious modelo 

The adequacy and parsimony, apparently, can be obtained 

... ith model (6). 

It should be observed that the type of 

p05itiviness in the corcelogram after lag two cannot be 

captured by a MA (2) factor nor by an AR.~ (1,1) factor 
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if the first lag in the acf has a negative value. We wi11 

need an 

lag one 

operator 

ARMA (1.2). To what extent the negative value at 

can be due to the application of a (1_L)2 

instead of a (l_L)d with a fraction d less chao. 

2 is an opeo. questioo. that we have not consideeed in this 

papero 

In seasonal adjustment the theoeetical advantages 

of the model based methods are well established. The 

problem with ehem is that we do not know the model an¿ we 

nee¿ to estimate ie. and iE the samp1e is not informative 

enough, ie wi11 b~ difficult to capture factocs like the 

mentioned ARMA (1.2). due to the high cocce1ation bet;.;een 

che AR and MA coefficients. 

One proposi:ion for this case :5 :0 estimate 

model ( 6 ) fixing t:te vall.le oE an¿ searching che 

va1ue oE Eoe '.;hich 'Je get che best: fit. The fixing 

of ~l does not need co be woese than the fixing oE 

Llu12 in models (1) tO (6). Once '.;e have estimated 

model ( ~ \ 
0 1 '.;e can examice the rooes oE che ~(1.2) fact:Jr 

and oose!:ve iE chey are real or complexo If ehey are eeal 

;.;itn a dominan: positive :00:. chis eoot \olill tend t.o 

cancel out with the auto::egressive rooe and we ;.;ill end up 

with rnode1 ( 1) . In this case lf the coefficient oE 

the acf cor:esponding to the stationary filte:: oE rnode1 

(6) is also negative. \ole s:tall ha ve that the conccibution 

of the stationacy fiItec oE model (1) at lo;.; frequ.encies 

wi11 be highec chao. the coc:espondio.g 

model (6) ("'). Eut 

contcibution 

if the 

("') Foz: the airline series of che Box:-Jenkins text t.he 
est.imated model (6), wit.hout fixing any coefficient. 
is ~1=O.81(0.09). 91 =1.23(0.11). 6 2=-0.29(0.10) 
and 612 =0.56(0.08). The residual vaciance. 0.001316. is 
a 3.3~ 10;.;er t~an the residual variance of che airline 

modelo The Whittle statistic. x 2 (2)=4.11. does not 
ceject (1) in favour of (6). showing r:hat the 0.92 AA 
coot cancels ~it~ the 0.81 AR coor:. 
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the MA roots are complex: it wi11 be useEul to calculate 

the value oE the coefficient of the imaginary pa.ct. and 

take it. as a measu.ce against cancellation. The higher of 

this coefficient in absolute value. the bette.c the use of 

model (6) for factor decomposition. 

When for a specific time series we have evidence 

of no cancellation between the .coots of model (6) ie would 

be better to obtain the seasonal and trend components 

using a method based on model (6) or the X-ll procedu.ce 

than a method based on model (1). 

On the other hand in the a priori design of 

models Eor the components oE a series oue .cesul ts show 

that r:.b.e characte.cizat.ion of the t.~end "by ~ .. ?~~ :nodels wict:.. 
~.. r L 2 . h h an autoregeesslve tac~or ~l-) m:g_t not be enoug . 

We can conclude ':iy saying that we advocata "Che 

use oE model based adjust~enc methoes cut in applyinq Chem 

the research workee muse be very conseious t~at che model 

employed muse be adequate, in Che sense chat Lt does nat 

omic Eaeeoes oE interese Eoe a peope: characteeization oE 

che dynamics oE the process. Foe shoct-teem Eoeecasting 

some oE these Eactocs could be oE second ordee importance 

and in practice veey ¿ifficult co estimate. But iE the 

research worker suspects that the estimated model might 

not fulE11 the principle of adequacy.then ad-hoc mathods. 

based on models that ha ve be en proved robusto 11ke X-11. 

could be used. 
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