
A NOTE ON REVISIONS IN ARIl\tlA-BASED 

SIGNAL EXTRACTION 

Agustín Maravall 

Banco de Españé1. Servicio de Estudios 

Documento de Trabajo n.O 8421 



ISBN: 84-505--0846-0 

Depósito legal: M. 43460 - 1984 

Talleres Gráficos del Banco de España 



-- 3-

Revlsions fec diffe,e~t admisible decomposicions 

ed. It la sean 

hov the canonical ¿~compositian maximizas the variance 

O~ the revisioD in thcl p~eliminary es~imatB of the signal. 

As shown In an example. the result may extend te mo~e 

general decompositions. 

Signal Extrac~icn; 
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lo Background 

Let Zt be the outcome of the ARlMA process: 

and we wish to decompose Zt into: 

where Pt is the signal and u t the noise. The signal 
follows the process (with the same AR polynomial): 

( 1.1) 

(1. 2) 

where bt and u t are mutually independent white-noises. 

The MA polynomial ~(B) and the variances a~ and 
a~, are determined from the system of equations which 
results from equating the covariances in both sides of the 

identity: 

(1. 3) 

lt is well-known that, in general, if a solution exists, it 

will not be uniqueo Of all the admissible decompositions. 

the one that has a maximum noise variance is termed 

"canonical"o rts use has been recommended in the work of 
Box, Bell, Burman, Hillmer, Pierce and Tiao, among others 

(see. for example. the references in B~ll-Hillmer. 19840) 
The model for the canonical signal is non-invertible. and an 
important property of the canonical decomposition is the 

following (see Hillmer-Tiao. 1982): 



1< '" Let Pt , Ut be ~he canonical compenents. 

Any other admissíble decomposition (P t , Ut) satisfies: 

(1. 4) 

1< 

where e t is white-noise, crthogonal te pt " 

since the components are sOlely defined in terms of 

their statistical properties. there seems ta be no peint in 

removing noise fraro the naise coroponent and adding it te the 

signal. Thus the canonical decomposition lB a sensible 

choice. The purpose of this note 15 to leok at one pieperty 

of the canonical decempcsition which i5 oi applied interest. 

Let ~(B) = 9(B)/$(B) and *~(B) : a{B)/$(B). 
J:! 

Conditional on [Zt' -~<t<oo]. the optimal estimate of Pt ia 
given by: 

(1. S) 

2 2 -1 where Kp = Cb/Ca and F 3 B . The fíltee ~(B) is symmetric. 
centered in t, and may extend froro -00 ta +~. At time t. since 

observations are available up ta and including Zt' the 

"end" part of the 

cannot be applied. 
filter (u t +1 Zt+l .;. u t + 2 Zt+2 + ... ) 
As shown in Cleveland-Tiao (1976), an 

aptimal procedure is ta replace unknown future observations 

with their conditional expectations at t. As time goes by, 

forecasts are either updated or replaced by new observations, 

which induces revisions in the estimate of 

properties af these revisions have beeo analysed 

(1980). Write the final estimate as: 

1"-
Pt .. \)0 Zt + 1: \). (lt . + z .). J -J t+) 

Pt' Some 
by Pieree 
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where (for the rest of the paper) the summation signs extend 

from j=l to j=~. The concurrent estimate will be given by: 

so that the revision is: 

(1. 6) 

A 

where et(j) = Zt+j - Zt(j).Hence the revision d t is a 

weighted average of forecast errors. Revisions are of applied 

interest: since the final estimate is the best estimate, if 

revisions are large, the preliminary or concurrent estimate 

(the one used in monitoring and policy making) will be 

unreliable. In practice, thus, large revisions are 

(understandably) feared. 
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2. Signal Extraction 

Consider first the decomposition of an lMA(1,1) into 

siqnal plus noise (see Box-Hillmer-Tiao. 1979).Equation (1.1) 

becomes: 

(~*1) 

and an admissible component for Pt is of the form: 

with -1~~~6 (so that o!~O). The canonical decomposition implie 

~=-l (hence the pseudospectrum of Pt has a zero for Q ~ v.) 

that: 

For any admissible decomposition, it is easily seen 

(1-a.B) (l-~F) 

(1-6B) (1-6F) 

ando since (1.3) implies 

222 
(1-6B)(1-6F)Oa • (l-~B)(l-ttF)Ob + (1-B)(1-F)Ou • 

it can also be expressed as: 

(1-B)(l-F) 
u(B) = l-k (1-6B) (1-6F) 

2 2 
where k = 0u/oa* Let Ho = 2/(1+6) and Hl - (6-1)/(1+6); 
the weiqhts of u(B) are found to be: 
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thus. in (1. 6) • 

Since. for (2.1). 

e (JO) a + (l-e) Ej - l a 
t • t+j i=l t+i' 

it i~ finally found: 

oro letting k • -k(l-e). o 

where Yt,is the AR(l) process: 

(l-eF)Yt '" a t +l · 

Thus. except for a scale factor. the series of revision 

errors is the same for all admissible decompositionso Also. 

considering that. after simplifying. it is obtained that 

l-e 

sjnce a! and e are the same for all admissible decomposition. 

themaximum revision variance is obtained when the noise 

variance is maximized. Thus the canonical decomposition 

maximizes the variance of the revision. 
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This result generalizes 

decomposition of an ARlMA modelo 

to any signal plus noise 

Let the ARlMA model be 

(1.1), and we wish to decompose Zt as in (1.2). with u t 
white-noise. Since: 

the filter u(B) in (1.5) is egual to: 

u(B) = l-k 

Hence. from (~.6). 

<p(B) <p(F) 

9(B) 9(F) 

where ,(B) = V(B)-l. and the 

once the overall model is known. 
. d 2 etC]) an O'a • 

coefficients 'j are fixed. 
Since the same i8 true for 

where M is the same for all admissible decompositions. 

Therefore. in the general signal plus noise decomposition the 

canonical solution maximizes the variance of the revision. 

(Notice that. aqain. the revision error series is the same 
for all admissible decomposition. aside from a scale factor.) 
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3. The Case of More than Two Components 

The previous result may extend to the case of more 

than two compononts. As an example. consider the simplest 
ARlMA model which accepts a non-trivial trend/seasonal/ 

irregular decomposition (see Pierce-Maravall. 1984): 

The admissible components are given by: 

with 

u t - white noise. 

2 2 2 a b .. a /4(1-a,) a 

2 Since it has tQ be that au~o. the admissible parameter 
region has to satisfy: 

2· 2 a,(1+13) - e(l-d.) ::: O • 

(3.1 

and is represented in Figure l. (It can be seen ~hat, always. 

a,~3-2~2. a~-(3-2~2).) The canonical components imply a = -1 

and e - l. so that the pseudospectra of Pt and St ha ve 
a zero for Q = rr and Q = O respective1y (Figure 2). 
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The estimate of Pt is found to be. 

1 

The concurrent estimate p~ will be obtained by replacing ,," .,... 
zC+l and Zt+2 by Zc(l) and Zc(2) in the aboye 

expression. Since for (3.1), e (1) = a 1 and e (2) = 
t t+ t 

a t +2 , after simplifying: 

1 a. 

4 

2 2 
~ a. 

Var (d t ) . [1 + 4 
15 ( l-a.) 

Again. for -1~ex.s3-2.f2 (Che admissible regian 

for a.), che variance of d t is maximized for ex. = -1, in 

which case: 

1 

16 

(sea Figure 3). If Ót denotes the revisien in the concurrent 
A ~o ~ 

estimate of St' ó t = St - St' then it is straigruorward 
to verify that 

2 
~ 
16 
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hence 

2 
~ 

16 

which. fo~ the admissible regian (-3+2~2$S$1). ~eaches a 

maximum for a ~ l. The canonical components. the~efo~e. 

maximize the variance of the revisions in the concurrent 

estimates of Pt and St (and hence. of the concurrently 
seasonally adjusted series.) 
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1 extraction, 

the canonical decomposi~ion (which maximizas the variance of 

Che noise) implies maximum revi~ion variance5. Since any 

ad~issiblB component i5 egual ta tbe canonical ene plus 

L white-noiss. Che result Btates that the cleaner 

the component. th~ largar the revisio~ of ita estimate. It 

may sound puzzl that the smoother a s1gna1. the larger 

the revision. However. it 16 obvious that the estimate of 
~ ~ ~" tbe signal which minimizas the reV1S10n lB p • Z • ~hen 

t t 
no naise la excracted and the s 1 15 noisiest. 

Although this maximum revision property of the 

canonical decomposition 1s somewhat inconvenient. it does 

Dot make sense to teduce revistaDa imprope~ly labelling 

as signal. what ls pura white-Doisa variation. 
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Figure i 

Admissible Parameter Region 

(.!-

ti 

-1 



-19 -

Figure Z 

Canonical Decomposition of Vz Zt = a t 
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Figure 3 

Variance of Revisions in 

Concurrent Estimates 
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