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ABSTRACT 

This paper presents a simple test of the future 

expectat ions mode 1 that can be implemented eas i ly wi th 

existing software. The test is implemented by means of 

an ins trumenta 1 var iable cri ter ion. A revis ion of the 

solutions of rational expectations models is provided. 

in order to give sorne basis for the choice of 

instruments. The test is used to check the ability of 

output expectations to stabilize the investment equation 

in Spain. previously obtained by the author. 
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l. INTRODUCTION (*) 

Let us suppose that wehave an explanatory 

model for a var iable, where i ts future expected values 

are on the right hand side. A simple example is given by, 

(1. 1) 

Similarly, we could have future expected values 

of other variables as explanatory. This type of model 

has aroused considerable interest in the literature but 

poses considerable problems if one attempts to estimate 

it, so that a natural question to ask is how to test it, 

before actually trying to estimate it. The main 

advantage of the Lagrange type of test lies precisely 

here. that is, the test can be conducted under the null, 

so that estimation of the general model is not required. 

Drawing attention to this fact and deriving a simple 

test, based on Lagrange principIes, to check the 

validity of the model (1.1), is the main contribution of 

this paper. The tes t proposed in the paper is 

implemented by means of an instrumental variable 

cri ter ion. This in turno requ i res an ana lys is of the 

solutions of the rational expectation model, in order to 

pick the r ight set of ins truments Sect ion I I addresses 

this ques t ion whi le section II I d iscusses the tes t. A 

detailed application to the case of investment in Spain, 

is presented in section IV. The advantage of the test 

is. obviously, that it can be computed easily with 

standard packages. 

(*) Special thanks are due to R. Repullo for his 
comments. A. Maravall also made valuable suggestions. 



It 18 convenient to revise first the main 

solutions of the model described in the previous 

and wl II section. This has an interest in itself. 

previde a na tura 1 in reaue e ion to the tes t proposed in 

the next section. The discussion will be introduced 

throug~l a simple example that al1oIM8 él quiek 

understanding oí ths essentials of the problem while 

retaining epou generality. 

We start by considering a simple model given by 

z 
." 

z 
L 

wlíere 

l, lffl6 

t~ 
..;- U 

t 

1 ' 
~t-l 18 

(t 1), 
t-- 1 

Yt+l 

and 

is 

(2.1) 

(2. 

(;2 • 3 ) 

t hE) amount of tnfor:matlon available at 

'n ; 
t 

t s a li>lh i ten o i s e e r ro r l? r o e e s s . 

not dir8ctly observable, the raode 1 

i8 incomplete and cannot: be estlmated either. 

1'hen.€ \ve h.a 1,¡e tü f ind a solut ion to th.e model ~ ln. order 

te: do that. we shall treat the stochastic and 

nC'fl-- s tocha s t ie COInpOnf.~nts separatedly 
-

non-stochastic element of the ruedel lB given by Zt and 

it gathers all possible kinds oi deterministic elements. 

Por example, seasonal dummies. and preannounced monetary 

targets are embodied "in and therefore belong to 

Ir. • s > o . . - s 
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Taking now unconditional expectations of (2.1) 

we get, 

- -
a yt-1 + b Yt+1 + Zt (2.4) 

where Y t E Y t , and similarly for other dates. We 

can substract (2.4) from (2.1) and get 

We 

stochastic 

solutions. 

consider 

elemento Vt. 

This can be 

(2.5) 

first the solutions of th.e 

We shall concentra te on stable 

justified on the grounds that 

real economic behaviour is not explosive in general (see 

also Brock (1974». Let us consider then the 

representation 

00 

v t = E b wt _s , b = 1 (2.6) 
s=O s o 

00 

b 2 lim E < 00 

s=O s 

where 'Wt I is a whi te noise error process. This type 

of representation can always be claimed to be valid for 

a sta t ionary stochas t ic process, following Wold I s 

theorem (see also Muth (1961), and Taylor (1977». In 

order to find the solution for the b'S we just 

substitute (2.6) into (2.5), and get after trivial 

manipulations, 

00 

wt - u t + E (b - b 1 b - b 1 a) wt = O 
r=l r r+ r- -r 

(2.7) 
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and slnce wt ' and lit are serially uncorrelat¿d we 

get the following expressions, 

Wt u t 

6 - 6 r+1 
b _. 6 r-l a r O, r > 1 (2.8) 

so that a11 the are given, once 'ó I 

1 
18 

determined. In other 

5's 

words, there are infinite solutions 

corresponding to the infinite possible values of ó l , 

and this implies that the model (2.1,2) 1s incomplete in 

general. If 
2 x b - x + a 

one 

o, 
of 

is 

the roots 

unstable, 

of 

the 

the eguation 

solution for 

'6' can be made stable by adjusting s '6' so 1 
that the unstable root is eliminated. Only in this case 

we get a unique stable solution tor 'Vt'. 

We can look a t the problem now in an 

alternative way. First, one notes from (2.6) that 

(2.9) 

and substitution into (2.5) yields after rearranging 

v t + 1 
1 

b 
v -

t 
(2.10) 

This las t express ion can genera lly be wr i t ten 

as follows 

H (L) v t = D (L) u t (2.11) 

and for stability. we require in general that the roots 

of H (L) o are outsíde the unit circle. 'I'his will 

ensure that the ó' s defined in (2.8) will meet 

condition (2.6). 
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roota are stationary (real or If 

imaginary) • 

both 

ther,e are infinite atable solutiona 

corresponding to the values of the arbitrary parameter 

'o ' 1 . If both roota are real, and one i6 stable 

(1\.1) and the otner 16 not, ("'z) • the stationary 

solution i8 unique and we require D ("11.2 ) O. That 

is, we require that the unstable root be a common factor 

of both polynomials H ( . ) and D ( . ), so that it can be 

deleted (strictly speaking, the representation (2.6) i8 

not valid for an unstable model and theretore the 

argument i6 not completely correcto However, one can 

easily show more formally, that the result i6 valid 

(Broze. Gourieroux. and Szafarz (1984». If both roots 

are unstable (real or imaginary) there is no stationary 

solution to the modelo 

When there are infinite solutions, this tact 

poses 

analysis 

considerable problems, 

of optimal rules. 

uniqueness, is to select the 

specially in 

One way to 

solution with 

policy 

achieve 

smallest 

variance (Taylor (1977». This requirement will impose 

fur ther condi t ions on the ó I s, and wi 11 determine them 

uniquely. The motivation for this solution. is that 

variability is 'bad' in the sen6e that it creates 

uncertainty. 

introducing 

and therefore, rational agents will avoid 

unnecessary noise into their expectations. 

For example we get for the model of this section from 

(2. 6) and (2.8), 

ro 

E 
s=o 

(2.12) 

One could minimize now this last express ion 

with respect to 'ó 1 ', from which its value would be 
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uniquely determined. It is of sorne interest to point out 

that in sorne cases, this solution is precisely the 

'forward solution' (see Appendix A). For example, if 

a = O in (2.1) , the forward solution is just 

y t = u t • 

evident. 

so that (ó s = o. s > O). and it i8 then 

that this is the minimum variance solution. But 

in general, this will not be so, since the purely 

forward solution does not exist, as son as there are 

lagged values of the dependent variable in the right 

hand side. 'l'his is becau8e, then, one of the unstable 

roots in (2.11) cannot be ellminated. A.s far as the 

discussion of this paper is concerned, that is. the 

derivation of a test for model (2.1). this point doea 

not affect much the solution. It would lead to a more 

efficient test, but t.hen, a special program to comput.e 

it would be required. 

We consider now the so ~.ut ion for: the 

deterministic element of Yt' Y t (see (2.4)). A 

general solution will be of the following type. 

(2.13) 
8",-00 

and will depend on both raota of H (.). If both roota 

are atable i t 18 easy to see that 

(backward solution). lf both are 

for a11 6>0 (forward solution), 

'ti O for s 
unstable, 

and iE one 

all 6<1 

q; O 
s 

root 18 

unstable and the other stable. 1V ..t O for al! s. s T 
A 

consequence of this fact ie that adju8tments to external 

shocks take place inmediately under the forward Bolution 

and only gradually in the backward looking solution. For 

example. under the forward sOlution., the model .r:eaches 

ita long run equilibcium irnrnediately after 3. permanent 

change in the level of Zt has occured whereas this 

equllibrium 18 only approached SlO\<lly in the backward 

solution. 
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1'he model (2.1) and its related results can be 

generalizaed without too much complicatíon. We could 

assume for example that 

of the type 

'u ! 

t 
i s a genar a 1 ARMA proces s 

(2.14) 

where the roots of 02 (L) o are eutside the uní t 

circle. Then, the reasoning leading te (2.4, 5) 16 

unaltered. The equations (2.7, 8) tha t define the 

coefficlents 'o' would be more complicated, but the 

maln results are similar. In particular, the 

mUltipliclty of solutions remains, and 1.f one of toe 

roots of H (L) 18 unstable (~2) we require that 

1 + (01. - )) o 

so that the raat i5 common to the autoregressive and the 

moving average component. of 'v' and can therefore t • 

be deleted 

'u I by I 

t 
error j~ I 

~t 

Yt - ay t-.l 

and assume 

(Note that in (2.9) 

e I in this case) 
t 

to model (2. 1.) that iB 

i- 1 
+ b Y~:i + Zt .+ e t 

thdt 'u ' t 
-; r -, '" defined 

1.-1,,:: 

We 

by 

have to subst i tute 

can also add ao 

(2,14). 

(2.16) 

c:' ~lnce the 

sum of two moving averages is another moving average 

process under very general conditions, this case can be 

[educad to the preceding_model. 

More general1y r,.¡e can writ(~ a univariate 

process including expectations as follows, 

(2.17) 



- 14-

The stability condition and the number of 

solutions in this model are (;1068 relatad topies like 

in Inodel (2.1) ano can be treated in a very similar 

[ashíon, Assmnin',J the reproGontation (2.6) to hold, we 

can write, 

y 
t 

13-1 
E 

["'0 
(2.18) 

and substitutiog in (2.17) and grouping terms we get 

(2.19) 

where a+CL) ie of degree (r ~ max (s,q», q beiog 

the degree 01 a.(L). Fo!: stability. we require that the 

roots oí' a.-j. (L) o líe outside the unit circle. If 

there are one OE more unstable raota. we reguire them ta 

be common factors, that is. they must also be a root of 

(\2\CL)/>62(L» ... D(L). The number of solutions (2.19) 

will be in general infinite. depending on a certain 

number of parameters of De.). 

lt can be shown that the number of free 

parameters is the maximum lead in the expectations. that 

is. 'r' (Broze. Gourieroux and Szafarz (1984» . 

Therefore, the maximum number oi roots of a.+(L) that 

can be deleted is ' r ' . If the number of unstable roots 

is bigger. there is no stationary solution to the model. 

We can think of (2.17) as a system of 'n' 

equations. Then. a.(L) 

coefficients 'dkh ' are 

In this case, i t is 

is a matrix polynomial and the 

squared ma tr ices of orden 'n'. 

more general to write fc Zt) 

instead of just 'Zt', where e is an (n x k) matrix and 

'Zt' a vector of orden 'k'. 
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Ttlis is because each equation may in,elude an 

arbitrary set of Z'8, that may differ ,lcross equations. 

F'or stability, we requiere now that the non zero roots 

of o are outside the unit circle. If 

there are unstable roots, as before. we ha ve to ad jus t 

the free parameters so that they can be deleted. 
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111. Testing the future expectations model 

We start this section considering again the 

model (2.1) where 'u ' t is defined by (2.14) and there 

is an error 'e ' t added to the model as in (2.16). 

Making use of (2.9) we can substitute and get the 

following express ion 

(3.1) 

which in turn can be rewritten as follows, 

Yt = a yt-1 + b Yt+1 + Zt + (Wt + 1 + ~Wt) (3.2) 

where E(Yt + 1 wt + 1 ) ; 0, and 'w t is a 

error. We also note that E(ZtWt) f O. 

reviewed 

now, is 

in Appendix B. But a natural 

that the 

question to ask 

model is of a whether b 0, so 

standard type, and therefore, no special procedure for 

estimation is required. The way to proceed then, ·is to 

test the adequacy of the rational expectations model 

(2.1), without actually estimating it. A nice feature of 

the Lagrange type of test is precisely that it only 

requires estimation under the null, so that this is the 

type of test that we seek. 

Under the null hypothesis that b 0= 0, we also 

have tha t ~ '" O. Then, the idea of the test proposed 

below, is first to set up an instrumental variable 

cr i ter ion adequate to est imate (3.2), and then test the 

joint hypothesis b ~ 0, by means of a Lagrange 

type of test. (Under the null one can also note that it 

would not be necessary to use instruments, since the 

regressors would not be correlated with the errors 
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anyrnore. But in general, this would not be an optimal 

procedure and the power might be low) < The selection of 

th.e set of instruments deserves some discussion. lf we 

assume that the following condition hOlds, 

lim 
T 
E (Zt Z '¡'/T t-s 

.. -
then all Zt+s' 
instruments f OI.: ' Y - t 

o 

and 

+00) 6 

¡ z . 
t . 

will 

Then, 

(:3 < 2) 

be valid 

there 18 no 

prohIem of shorcage of instruments, ASSUInption (3.2) lS 

fa ir mili! but it mi t fa:il in wh"icr, case one haG to 

lOOK: to che po¡:,s"ible di[fen~nt sollltions of the model 

case by case. For example. in the case of ths modal tha~ 

W0 are d cuss\ng, 

z 
t-s 

(8 

'ndec 

under 

the 

are 

and 

Gombination of fo[w!ird and 
" 

depends on Zt_s (s 

discussion under (2.13»). 

depends on ~ 

al t.er na.t. 1.":/8 a.nd it 

stabIe 'y,. 
'-" II solution 18 

backword expectatíons 

(sea 

on 

'y~' 
l_ 

the 

Ir therG are lags of the dependent variable 

appearing on the ri t hand side of the equation 

(L G. a. el,) f 1 in 

of I Vt I \-1111 be 

(2,l7)), then further lagged 

valid instrumenta for its 

vdlues 

future 

'\ra 1 ues ~ ?'tnally '? 

t~t_s~_lnl (m 1, 2, . "" ) are also valid 

instruments (sea (2.17) for the d(~finition of 's'), In 

spitG cE the wide of instruments, the r: e may be 

cases where they are not sufficient. For example. let us 

consider the following model, 

b 
t-l t-l 

d Yt y t·; 1 + e v + Zt 't+2 

Zt E:., + e e t-.l c. 
( 3 .3) 
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The first equation yields after substitution. 

(3.4) 

Under the null hypothesis that b '" e O, we 

have Zt' so that Zt and Zt_1 are valid 

instruments. But sinee Zt i8 an MA(l), Zt_s' s > 1, 

are net valid instruments. We need three instruments but 

we only ha ve two, so that the instrumental variable 

estimator is not well defined. 

But apart from sorne odd situations, we can 

expeet te have enough instruments in general. We need 

nowa eriterion to test the jaint hypothesis b = ~ =·0 

in the model of ( 3 .2) . sinee testing against 

autocorrelation in the errors, produced by a moving 

average process, 

testing against 

yields the same type af formulae than 

an autoregressive process (see for 

example Pagan A. and Hall A. (1983). We can set up the 

test for the hypothesis that the correct modelo does not 

include expected future variables as it is given next. A 

slight change of notation may be convenient first. to 

standardize it. Then. we eonsider the model 

where u t ' and (:t are independent. and 1f(L) 

stationary filter. After substitution we get 

(3. S) 

is a 

(3.6) 

and we consider testing b 

test. then as follows, 

O. We can set up the 
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(3.7) 

where, 

+ ( w) w = E: 
-1' 

w = ( x t ' Yt-l' Yt +1 ) 

.x -1 z' = z (z'z) 

(3. B) 

and tare the errors obtained after estimating (3.6) by 

instrumental variables imposing b = O (A generalization 

to the case of further expected future variables is 

straightforward). The list of instruments is a sensible 

choice according to 

otherwise arbitrary. 

belong to the list 

the analysis of section 11, but is_o 

We also note that 'xt ' does not 

of instruments, so that this first 

regression does not reduce to OLS. 

A poss ible 

following, 

re f o r mu 1 a t ion o f (3.7) is the 

(3.9) 

where, 

(3.10) 

If there are k regressors in w, computation of 

(3.9) requires running (k+2) 

tedious if k is larger than, 

regressions. This may be 

and then, othe say 3 or 4, 

following procedure is simpler. It is not too difficult 

to check that (3.7) can be written as, 
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- , X c f ti: tf t. g: ,.., 
'l.' 

L ,-, ----, _. _.~---_.-
e' c f , f e t: 

2 ~ 

T R (cfl z) ( e ! [1' ¡ t: I t: ) , f (3.11) 

where , c f 
, 18 the fit obtained regressing 

ce w) by rr This last --,1; \) - express ion is a function 

of quantities that can be obtained easily with any 

regression package. The procedure involves then three 

stapa: 

1") Estimate (3,6) by IV, imposing b 

the estimated errors, ~. 

0, and get 

2.0) Regress on 

vaL iab18t:3 qet fitr:ed 

quoatities ( [ , are ussually 

easy to gel:) , 

]0) Regress on z by OLS. 

The test can be computed now as i~ i5 given in 

(3.11)" and the saL ol.: instruments must be the same in 

the three steps. 

Although it lS d\.fficult to giv(~ a correction 

factor, it may be a good idea to substitute 'I' by (T,m) 

in finito E:amplss, 'm' being the l1umber 01 variables in 

'w'¡' . prevents the test from probabilitLes 

of rejections. simp because too many instruments ari¿o 

takél1. A heuristic justifieat1.{m for thís factor may at 

least be partly basea on Mauleón (1986). If we had C\ 

different dependent variable, say 'y+, t • the test 

would be entirely similar. The only difference 1 • 
",18S then 

in the selection of instruments, since the model for 

'Y t ' would not be completely specified by (3.5). 



The future expeccations modelo rlas bee:n applied 

in triE? líte.rat'ln::e to the analysis of the demand for 

labo'lf (Nickell (1980 a Sargent (1978)). A logical 

extension of the Inooe1 is the applieation to the demand 

fax: capitaL and sorne pioneering studiC~8 aIready exist 

(Kokkelenberg and Bischoff ;1985), Schiantarelli. 

(1983»). In the Spanish case, this has a further 

interest" because the i.u'vestment functiol'J. appears to be 

unatable. This may be dUB to omitted variab~es. and 

tll,,:refore, it iSlnte!':(:!sting tú test al1 reasonab1.e 

pothesis, 

pr8S8Dled in Mauleón an be Bummar ed as 

fol1üws 5 

4. • 1) 

where all variables are measured as growth ates except 

the rate of capaci utilizatton U, and the lon9 terlll 

rate oI' ir:te!:es t that :<5 embodied i iL Th18 ldst 

functí.on ¿tIso includes two step dllmmies {Dl:t ))2) ~ ()utput 

i s denoU~d y, and E 18 the income share oí capital. 

made in t 1 . the model may be writen as. 

1 u + + a 

y xB-ff3_I+s~ o 1. ¿ 
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from which we get the reduced form for Yt as 

(4.3) 

This express ion i8 required to make a selection 

of instruments for 'Y t + 1 '. According to the analysis 

of the preceding section, we can now select the 

instruments among the set 

If we 

of investment, 

had 

the 

t-l Yt as 

problem 

an explanatory variable 

can be treated in the 

conventional simultaneous eguation model framework 

(Indeed, this may be given as an explanatíon tor the 

existence oí sinmltaneity, Mauleón (1984)). Sinee the 

investment study was conducted with yearly data, one 

could argue that ayear 

that y~+l míght be the 

is a long enough time unit so 

right variable to incIude in 

the investment equation. Then we would have, 

t 
Yt+1- Yt+l 

where wt 1.13 a 

in Xt' Then i t 

val id ins trument 

(4.4) 

combina t ion of 'v t' and the innovat ion 

is easy to check that 1 x I would be a 
t 

now, and i t wou Id not be necessary to 

instrument u t in (4.1) either. 

expectations into the future, 

Adding further 

t-l t-l 
Yt+2' Yt+3' .... ) 

would require extra instruments that could be easily 

obtained. following the analysis of the previous section. 
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since assumi ng tha t the expectational 

that 

rather 

enters 

than 

much, the 

corresponding 

the investment equatíon i5 

did not change the 

regressions 
t 

reported below are 

to Y t + 1 ' This is because with 

variable 
,t , 
Yt -+ 1 

results 

those 

a small 

sample, it is convenient to economize on the number of 

ins trumenta 1 var iables. The 
t 

considered has be en Y t + z' 
that output con be predicted 

wi th any accuracy in Spa in. 

run on the stable sample, 

longest expectation horizon 

since it seems unlikely 

three or more yea [S ahaad 

The regress ions have been 

and with a11 available 

observations, to check if the lack of stability in the 

last part could be explained. The test of the 

expectationa1 model has been computed as in (3.11) and 

i s denoted below. by c. Sorne problems rela ted to the 

choice of instruments are discussed in Appendix C. 'I'he 

instrumental variable estimatíon of the equation 

containing output expectations 18 also given. although 

it is not required to compute the test of (3.11). 'I'he 

results are as follows: 

61 .016 6u + 1.2 6(E+E_ 1 ) -.76Y+1 +e 

(3.2) (4.2) (1.4) 

,048, T 15(1966--1980), Dw 1.4 

Instruments: 6E_ l , Dl, D2, D1+1' 6u 

e = 1.4 ¡ X2 (2) 95 % canfidence interval (0,6.0) (4.5) 

61 .0146u + 1.2 Ó{E+E_ 1 ) -.8 6Y+l +e 

(2.4) (3,3) (1.2) 

N 

.52, o .06, T 17(1966-1982), Dw 1.3 

lnstruments: as in (4.5) 
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L8 
2 x (2 • 95 % confidence interval (0,6.0) 

.013 lm 

(L 7) 

R 

Instruments: 

1 .. 5 

," 
EL, 6 b O 

+ 1~4 l1(E 

.06, T 

+ E 1)-.11 Óy ,-.9Óy ~+e _. +-<- +,:, 

( . 1 ) 

14 (19661979 

, plus DI .., 
+.G 

( ~ 7 ) 

Dw '" 1.7 

95 % confid':::nce in.terval 

_ -- 1 < l1\y ~ (~ 
+1 +¿ 

( -. 

.056, T 

expla n the unstable behaviour of investment. 

(4.6 

(iL 8; 

imprf:!ssion reinfc:.I:ced because of th.e nGgat 

coefficient of the futur out expecta t l.ons tn the 

igves tnH:Htt equation. (The parameter estimates are 

consistent although the standard errara are somewhat 

incorrect (see Appendix B». 
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V. CONCLUSION 

The purpose of this paper is two fold: a) give 

a simple and yet comprehensive account of the main 

issues related to the solutions of rational expectations 

models concerning the applied econometrician. b) derive 

a simple formula based on Lagrange principIes to test 

the future expectations model and use it to check the 

ability of future output expectations. to stabilize the 

investment function in Spain. 

Unfortunately. the behaviour of investment in 

the las t two or three years rema i ns unexpla ined. 5 ince 

output expectations are insignificant in the estimated 

equations. This leaves open the way for alternative 

explanations. 
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APPENDIX 

A. HINTS ON THE FORWARD SOLUTION 

This appendix shows by means of an example that 

the stability condition derived from the purely forward 

solution is not. in general. a necessary condition for 

the existence of a solution to the rational expectations 

modelo Let us start by consid~ring some results on 

conditional expectations. If (x. Y. z) are three random 

variables and f (-) stands for a densi ty function we can 

write. 

f(y.x.z) f(y/x.z) f(x/z) fez) f(y.x/z) fez) (A.l) 

from where we get 

f(y/x.z) f(x/z) = f(y.x/z) (A. 2) 

so that 

(A. 3) 

Let us suppose now that we have a simple model 

like. 

t-l 
a Yt+l + V + E: t (A. 4) 

Taking expectations of this express ion one gets 

easily 
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t-l a y + 'tj.r t+s+l 
(A. 5) 

so that by recursive substitution we have, 

8-1 
aS t-l (E Yt + s + 

r-=o 
(A.6) 

since we require a bounded solution, it i8 

tempting to conclude that the stability condition i8 

la I < 1 

(1980». 

(Thi8 

We are 

is the 

going to 

condition 

see below 

given by Wallis 

that this does not 

have necessarily to be so. Using the methods of section 

11 we can write 

(A.7) 

and substitution into (A.4) yields 

with 

(/) -a. 'tj.r 

a. l/a 

1 (A. 9) 

The value of 'b 1 
1 

is chosen arbitrarily 

among the infinite solutions of the model. The stability 

condition in this case iB then 10.1 < l. or lal > l. 

Now, we show how this fact can be made 

compatible with (A.6). First from (A.8) one gets 

(A. 10) 



t-l 
Yt + s 

s 
o.S + 1 ( ~ Yt - 1 + t... 

r=o 
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and plugging this last expression in (A.6) 

a. Yt - 1 + 0 

(using (A.9». 

as S -+ 00, 

s-l 
o.r ) 0 aS + (E a r ) V 

r=o 

That is, 
t-l 

Yt + s ) is 

although 

not, 

t-1 
Yt+s 

and 

(A.11) 

(A.12) 

is bounded 

one of it 

components makes up for the term in braces in (A. 6). If 

la I < 1, then 10.1 > 1, and following the 

methodology of section II one can show easily that the 

only stable solution implies Ó1 = O, so that 

V/(l--a), s ~ O 

Therefore, we get uniqueness 

forward condition, but this is just 

(A.13) 

impos i ng the 

one poss ible 

so 1 u t ion in an inf ini te set. As another example, 

consider the model 

Then, 

a s t-l 
Y + ( t+s 

s-l r 
E (a p) ) p Xt_l 

r=o 
(A.15) 

and i t looks as if a necessary cond i t ion for s tabi li ty 

is lapl < l. But sUbstituting (A.7) and rearranging 

one gets 



where 

D (L) = 1 + 01 L -

and the stabi li ty 

that 18, la I > 

L 

l-pL 
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condition 

lo If 

15 

la I 
this root has to disappear to get 

we would require D (a) _. O. 

(A.16) 

(A.17) 

in general I al < 1, 

< 1, and I al > 1, 

stability so that then 
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B. ALTERNATlVE ESTlMATION PROCEDURES FOR RATIONAL 

EXPECTATIONS MODELS 

Let us suppose that we have the two equation 

expectational modelo 

(B.l ) 

(B. 2) 

Since in general we wi 11 not know the model 

governing I y ti, equation (B. 2) can be thought of as an 

approximation to the AR representation of Iyl, that has 

been cut off at some arbitrarily specified lag, but 

otherwise sUfficiently long. 

We can rewrite the first equation as 

(B. 3) 

but now we ha ve two parameters 

of one (a) to be estimated. That 

(1T I , 1T 2 ), instead 

is, in general the 

efficient procedure will require estimation of (B.l). 

Let us consider now the first equation written 

as follows, 

(B. 4) 

On intuitive grounds, one can guess that joint 

estimation of (B.l), (B.2) may be more efficient because 

there are some 

that d =0, the r;v 
minimization of 

cross equation restrictions. 

maximun likelihood approach 

Assuming 

leads to 
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s (p, 0) + E (0) CB. 5) 

where p "" (a,r), and s, 

E are,respectively, the suros of squared residuals in 

the first and second equation. The covariance matrix 

will be the inverse of 

"~I, 

8 00 + >=00 S 
p0 I (B.6) 

SC/Jp Spp I 
J 

conveniently rescaled. It ia easily checked that the off 

diagonal elements will not vanish assymptotically so 

that ttle joint proeedure 18 effectively more efficient 

tor (/) and far p. 

This 18 the basie reasen, from the estimation 

point of view. to seek a solution for the rational 

expectations modelo I'he estimation procedure that 

considers the parameters of the structural model, after 

having substituted the salutioo for the expectations. ls 

more efficient than reduced forro type of approaches. 

If we had future expeetations further into the 

futura in equation (B.l), the problem of setting up the 

eri ter ion CE. 5) beeomes cumbersome, A short-cut, widely 

used in the literature consist then of two steps: first 

(B.2) is estimated by OLS, and second, expectations are 

generated and plugged in (B.l), which iB final1y 

estimated by OLS (Nickell (1980), Sargent (1978)}. This 

procedure yields consistent parameter estimates while 

the standard er rors are some\vhat ineor reet (overva lued 

in general). To see this, let us look at a simplified 

case, as follows. 
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y x B + f: 

~ A 
X B + f: + (X - X) B 

=1cB+W (B.7) 

where X 
A ~ A A 
X + V and x' V o by construction. Then, it 

is easy to check that 

CB - B) .¡ T 
A 

(B.S) 

• • .A A but the standard OLS procedure wlll plck (w'w/T) rather 

than a~. and this last quantity i8 effectively 

amaller. The same problem ar i ses in the 1 itera ture of 

expected and unexpected camponents. That i8, we must 

estimate jointly, the reduced form model for the 

expectatianal va.ri.able and the structural eguation, if 

we want to get correct standard errars. 

There are other appraaches to estimate eguatian 

(B. 1) . First. we could substitute 

actual value and get a model of the type 

t 
Yt+l by its 

CB. 9) 

where naw 'w I will follow a moving average. in t 
general. and E Yt+1 wt ¡, O. This equation can be 

estimated by the methad of instrumental variables. and 

the instruments can be selected. alang the lines of 

sectian 111 (McCallum (1976), Muellbauer and Winter 

(1983». If 

taken inta 

the non 

accaunt, 

diagonality af 

the standard 

E(w W'), i8 

errars will 

not 

be 

incorrect, although the parameter estimates will be 

cansistent. (This point has also been made by Sargan 

(1983». This prac~dure, will nat be very efficient. but 

has the advantage af nat imposing an arbitrary reduced 

form for the expectational variables. Also, the 
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arbitrary parameters in the rational expectations 

solution, can be estimated, and this can be a first step 

to implement a more efficient procedure. As an example, 

let us assume that instead of (B.2) we have, 

and substituting for 'X ' we get 
t 

(B.lO) 

(B.l1) 

The solution oí this equation can be obtained 

by the methods of section II. If for example, the z I s 

are non-stochastic. and we know after estimation of 

(B.9) that the polynomial on 'y' has two real solutions, 

one s table 'a.' , and the other unstable 

solution tor 'Yt ' is. 

where 9p 1, and LF t-l 
l. (Note that L Yt+l 

, p , , the 

(B.12) 

and 

t-l 
F Yt + 1 

t-l Yt+2' so that LF f 1 when the operatora are 

applied to conditional expectations). The solution for 

Yt is obtained noting that 

(1 - aL) (1 - pL) ( - P L ) (1 - a.L) (1 - 9F) 



1 

(l-aL) (l-pL) 

n 

1 - aL + 

where 

n 
m 

a. e / (a e - 1) 
e I (a. e - 1) 

'fhen, 

- -
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-9 F 

(l-aL) (1-9F) 

mF 

1 - 9F 

~ Yt + 1 - a Yt + a Yt 

since la' and 'p' 

(B.13) 

(B.14) 

(B.15) 

are functions of 

and (02 a), 

back in (B.l) 

this last express ion can be substituted 

and we obtain the system of two equations 

(B.l) and (B.IO), in terms of observables. If both roots 

are stable. the solution will depend on a third 

parameter 'b', so that. 

wt = [(1 - 6L) / «1 - aL) (1 - pL»] u t 

Z't_1 Y / [el-aL) (1 - pL)] (B.16) 

Then yt can 
t+l 

and subs t i tuted in (B. 1) 

the modelo 

be defined correspondingly 

to get the estimable form of 
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C. SELECTING THE INSTRUMENTS FOR THE INVESTMENT EQUATION 

When we introduce y +1' we want to use as an 

instrument for it, Yt +l (in the notation of section 

111). Then, since the dummies DI, D2, are nonstochastic 

they are obvious candidates for instrumental variables. 

Tha t means tha t we should select an independent set of 

instruments amonq the set (DI, D2, Dl+ l , D2+ 1 ). Let 

us consider this set in a simple case, 

DI 

1 

1 

1 

1 

O 

O 

D2 

O 

O 

O 

O 

I 

I 

I 

1 

I 

I 

I 

O 

D2+I 

O 

O 

O 

O 

O 

I 

since DI+D2 is the vector unity, D2+1' 

can be obtained as an exact combination of the remaininq 

vectors as follows, 

D2+I = DI + D2 - Dl+1 

and more qenerally 

D2 = DI + D2 - DI +s +s 

Then, ir we add the expectation y+s~ we 

only have one more instrument, that is, DI +s 
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When there are only expectations for time 't i 

made at time (t-l) in -the system, the solution is 

particularly simple. {This is one of the cases 

considered by K. Wallis (1980). Let us consider then the 

model 

t--l 
If we assume Zt 

t-1 . Yt by Yt we get flnally 

where I u ! i5 a!1 error wi th 
t 

in particular, 18 serially 

(D. 1) 

Zt' and sUbstituting 

(D.2) 

the usua.l properties. 

uncorrelated if 't: ' 
t 

ana 

i8. 

We can now get the reduced form 

and consider 

restrictions 

tE + D) TT -¡. e 

(D. 3) 

the estimatian of TI sUbject to the 

o (D. 4) 

The ident if lea t ion condi t ion can be deal t wi th 

in the usua 1 way. The only di f f erenee i s tha t ,.,¡e have 

now the augmented matrix (B -f D) to eonsider. Single 

eguation estimation by an instrumental variable or a 

limited informatian method can also be dealt with in the 

usual way. 
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The conventional way of sOlving the problem of 

identifying and estimating model (D.1) consists of 

getting first the solution for y~-1. The second 

step is to plug it back in (D.1) and get the model 

expressed as a function of observables. This procedure. 

is more complicated and leads to the same model as that 

given in (D.3,4). In order to see that, we get from (D.3) 

t-1 -1 
Yt = - (B + D) e Zt (D. 5) 

and substituting in (D.1) yields 

-1 
B Yt + (e - D (B + D) e} Zt = tt (D. 6) 

which in turn has the reduced form, 

(D. 7) 

We now prove that this coefficient matrix, is 

precisely that of (D.3). Then, 

-1 
(I - D (B + D)-l) e (B D)-l e B - + 

B- 1 e -1 D (B + D)-l e - (B + D)-1 e = - B 

B- 1 e - (B- 1 D + 1) (B + D)-1 e 

= B- 1 (I - (D + B) (D + B)-l) e 

= o (D. 8) 
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E. A NOTE ON THE POWER OF THE TEST GIVEN IN SECTION 111 

In order to understand the properties of the 

test proposed in this pap~r. it may be useful to analyze 

an alike case. Consider then the following model, 

where '~' and '9' are scalars. 

This is similar to the 

place 

rational 

of the 

(E.l) 

expectations 

expectational situation; 'Xl' takes the 

var iable and 'X2 I tha t of 

in the error. Nov, undar 

the moving average component 

standard assumptions. the 

maximum likelihood estimator of ~ lB El OLS. We can 

set up a Wa Id tes t to check the null Ho Bl O. 

Alternatively, we could think of testing that hypothesis 

by means of a Lagrange test. Consider then, 

ó B 
X (--) 

Ó P 

where p 

~] 
(E.2) 

(~.e). Under Ha, ~ 0, so that this 

last expression does not ha ve full column rank and the 

Lagrange test therefore ls not well dsfined. 

sincs under Ha, Bl B2 O. it may be 

more powerful to test jointly this last hypothesis. and 

this ls the type of test proposed in this paper (The 

power wi 11 now depend on the va 1 ue of e). The power of 
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tes t aga ins t the 

following non 

null Bl == 0, will be 

centrality parameter, 

and in the case of the joint test. by 

If e "" o thE; pOt..rer 1.5 the same in both 

given 

when 

(E. 3) 

(E.4) 

ca.ses. 

a Xi 
1 - o ano e j 0, the secand procedure 

is more powerful, and ií X'l X2 t O there is no 

general solution. 
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