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la descomposición de series tempor'ales en 

componentes (yen concr'eto, la desestacionalización y la 

estimación de tendencias) por medio de un método basado en 

modelos consiste, fundamentalmente, en dos partes: 

(a) la esp(~ci ficación de los modelos y la 

es t imación de los pat"áme tros de los mi smos , 

(b) la estin~ción de los componentes (o se~ales), 

tI método hoy en día más desan'ollado en este campo 

es el que utiliza modelos ARIMA en la parte (a), y técnicas 

de extr"acción de señales (el llamado fi 1 tt"o de 

Wiener"--Kolmo~1or'ov, abr"ev iadamente W-,K) en la par'te (b), 

En 

modelos, el 

estacional 

lo qU(~ 

pt"oblema 

plantea 

concienH,~ a la especificación de los 

de la especificación del componente 

problemas importantes y sucede, con 

cier'ta fr"ecuencia, que los métodos basados en inodelos par'ten 

de una especi ficación incorr'ecta, En el pdmer'o de los dos 

tr"abajos que adjunto pt"esento una fonna de abor'dar" el 

pr"oblema de descomponer una set"ie qU(~ elimina varias de las 

fuentes de en'(lr" que sut"t:¡en en la especificación, y que se 

extiende de for"ma natur"al a la especi ficación de cualquier" 

componente cíclico, El enfoque consiste en utilizar' 

componentes elementales, fáci les de modeliz'ar e inter"pr'etar, 

Cada uno de estos componentes se asocia con una fr'ecuencia 

específica (por" ejemplo, con cada una de las ft"ecuencias 

estacionales); a continuación, los componentes pueden 

agregarse fácilmente (y obtenerse, por ejemplo, el 

componente estacional total), 



-6-

En cuanto a las técnicas de extr'acción de señales 

en procesos estocásticos, estas últimas estaban disponibles 

desde hillce illlgún tiempo par'ill series estillCÍonarias (el fi 1 tro 

de W-·K). Puesto que la inmensa mayor'Ía de las sedes 

económicas son no-estacionarias, las técnicas tenían poco 

interés aplicado. Lill gener"alización a ser'ies 

no-estillcionillriills se ha producido en los últimos años, 

gr'acias fundamentalmente a tr"abajos de Cleveland y Tiillo y de 

Be11, cunbos densos y díficiles. Por' otr"a par"te, puesto que 

la solución uti liza unas funciones que apar'entemente no 

están definidas en .el caso no-estacionario, la solución no 

r'esulta de ningún modo intuitiva. 

En el segundo tt"iil.billjo que incluyo, pr"esento una 

der"ivación ot"iginal al ter'nativa df~ la solución óptima par"a 

la extracción de cualquier señilll en series no-estacionarias. 

La det"ivación es intuitiva y sor"pr"endentelllente sencilla. La 

r"acionalización pr"áctica del tr"abajo puede realizarse de la 

siguiente mcUler"a: l.a (~xtensión del fi1tr'o de W .... ·K a sedes 

no·-estacionadas es lo que ha per'mitido el desan'ol1o de 

pr'ogr"amas como el de But"man o el del SCA, que se uti lizan 

constantemente en el Servicio de Estudios (también ha 

pet"lllitido un análisis más t"igur'oso de XII), Puesto que las 

herTamientas illrlalíticills se uti lizan mejor cuando se 

compr"ende por"qué funcionan, si se facilita y simplifica esta 

comprensión, mejorará el uso de esas herramientas. 



ON THE OYNAMIC STRUC~URE 

01-' A SEASONAL COMPONENT 





Summary 

A model often used to characterize the dynamic 

str"uctun~ of a seasonal cOlllponent in unobser'ved cOlllponent 

llIodels and, in par'ticular, in seasonal adjustlllent is 

analysed. It i s found that the char'acterization i s 

'inadequate, since the seasonal component itself would then 

accept a perfectly sens ible decolllpos i tion into tr'end, 

seasonal and ir'Tegular' components. In the analysis, an 

al ternati ve appr'oach to the pr'oblelll of speci fy ing component 

models is suggested. 

Key wor'ds: Time Series models; ARIMA models; Seasonal 

Adjustment; Unobserved-Components model; Signal Extraction; 

Dynamic Seasonality. 
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1, Intr"oduction 

Over' the pas t year's, mode l-'based es timatíon of 

unobser'ved cornponents has been inu'easingly developed, with 

the rnain pur'pose of pr'oviding a flexible alternative to "ad 

hoc" methods such as Xll or Xl1 ARIMA, Given that the rnost 

important application of unobserved cornponents estimation is 

s(~asonal adjustment, a cr"ucial pat"t of a model-based 

seasonal adjustment method is the specifieation of the 

pat'tícular model assumed to ganer'ate the seasonal component, 

Let s denote the number of observations in one year 

and B the lag oper'ator, A model often used to chiiwactedze 

the seasonal component (z ) is an ARIMA process of the type t .. 

e(8) r'epr'esents 

polynomial in tl"l(:,) lag oper'i.'l.tor B, 

(1) 

a moving aver'age (MA) 

and a 
t 

i8 a whib~-noise 

ser'ies, Thi s type of lTIod\ü for' the s(:,)asonal component has 

been used by Nedove, Gr"I:~thef' and Cctr'valho (1919), Pierce 

(191B), Pagan (1975), l::ngle (19lB), Clev(üand and Tiao 

(1976), Gr'anger' (197B), Harvey (19Bl), Ansley (1983), 

Gouder'oux and,Monfor"t (19B3), P ier'ce, Cl(~ve land and GnÁpe 

(1984), Hausman and Watson (1985), and Hylleber'g (19B6) 

among other"s, Although, in later' wor'k, some of thes~) authors 

have changed the specification of the seasonal component, 

models that fit into (1) are nevertheless heavily used, 

In the next section using, for simplici ty of 

exposition, a pat·ticular case of (1), it 18 ar'gued that such 

a specification is inappr"opdate to char"acter'ize the d) ,,,,míe 

structure of a seasonal component, The discussion suggests a 

natural approaeh to the problem of specifying model! for the 
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components when;~, in a first stage, elementar'y components 

are assigned to each individual spectr'cd peak and, in a 

second stage, the components can be aggregated as desír'edo 

Consider' a quar"teroly s(,asonal ser'ies that follows 

the model 

í/4 Zt = a t ' 
(2) 

4 
where í/ 4 = 1-8 o The pseudospectrum of Zt' equal to 

9 (w) = 
Z 

1 

2(I-c03 4w) 

2 
0' . dO (3) 

is displayed in Figur'e 1 (the prefix "pseudo" will be 

removed in latero r"efen~nces o) It i s symmetr"ic ar'ound 

thn~e peaks, associated wíth the 

and One lTlay to 

decompose the ser"i\~s intó orothogonal componen!:s, (~clch one 

captur"ing a spectr'al peak o Thus we seek to exproess Zt as: 

z = Z +2 +Z +u 
t lt 2t 3t t 

(4) 

wherooe u is a white-nob:;e nasidualo We shall only concer'n 
t 

ourselues with the specification of the models for the 

components; once these an~ specified, estimation, diagnosis 

and infer'enc"'l can be caf'Tied out as in, for' example, Bell 

and H i 11 me r' (1984) and Mówava 11 (1988) o 

The roats of the autoregressive (AR) polynomial 
4 

(1-8 ) ¿¡Te 
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. 2 V4 = (1-B)(1+B)(1+B ) , (5) 

and it is easily sean that the spectral peak for' áJ=O is 

induced by the AR factor (l-B) in (5) and, s imi lady, the 

peaks for w.---n' and Iil=1't 12 are induced by the AR 

fa.ctors (lfoB) and 
2 

(lfoB ), r'espectively, Thus, fr·'om (2 ), 

(4) and (5), in or'd(~r to captun;~ the individual 

peaks, the z,-components will ha.ve to be of the type: 
1 

(1-8) Zlt = tt1(B) b1t 
(l+B) z = ~ (8) b 

2 2t 2 2t 
(l+B ) Z3t = ~3(B) b 3t 

spec tr'al 

(6) 

where ~i(B) represents some polynomial in B, and bit' 

b 2t and b 3t are llIutually índependent white noises, a150 

independent of u t ' 

Replacing in '(4) the components by theü' 

expressions in (6) and cQnsider'ing (2), tbe following 

identity is obtained: 

+ (1-B)(1+8) ~ (8) b + V u . 
3 3t 4 t 

(7) 

Sinee the r',h,s, of (7) has to be white noise, ths 

lag-4 aulocorTe la bon of the term V 4 u 
t 

should ca.ncel 

out with that of tbe other terms. Hence ~l(B) and/or 

a2 (8) have to be at least of arder one, and/or·' ~ .(8) 
3 

ha. s to be at least of o. ~,¿r two. Ther"efore. we can a5sume 

that 

alCS) = l-·a 8 
11 

~ (8) = l-~ B (8) 
2 21 

B2 ~3 (B) = l-a:31 B-a:32 
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Considering (6) and (8), the models for the four 

components are seen 

four ~-parameters 

i=1,2,3, and 

constraints implied 

to depend on eight parameters: -the 
2 

and the four variances (cri of 

0"2)__ which have to satisfy the 
u 

by equating the autocovariances of the 

l.h.s. and the r.h.s. of (7), These constr"aints yield a 

system of five equations with eight unknowns, and hence 

ther"e will be an infini te number of par"ameter values in the 

component models which satisfy the system. In econometrics 

terminology, if equations (4), (6) and (8) describe the 

"structure" of the model, an infini te number' of structures 

ar"e compatible with the "reduced" fono' model, given by 

equation (2), and therefore the models for the components 

are not identified, 

In or'der to achieve identi fication, addi tional 

infor"mation is required. Following Box, Hillmer" andTiao 

(1978) and Pierce (1978), the following requirelllent will be 

imposed: Let denote any cOlllponent (not 

Z, should not accept a decomposition of the type: 
lt 

Then, 

where 

white noise. 

and 

(If 

nt ar'e independent 

such a decomposi tion 

and the latbH" i s 

were feas.i.ble, then 

*" the component Zit should be replaced with zi t' and 

n should be added to u ,) We r'efer to this requirement 
t t 

as the "canonical" requirement. 

Let g, (w) be the 
1 

spectr"um of 
Z it' for 

O<W<'I1'. rhe canonical r"equ i rement implies that, for some 

w in that r"ange, 

(8) it is found 

in w, hence no 

gl(w) should 

that 9 (w) is 
1 

noise will 

be zero, Fr"om (6) and 

llIonotonically decn~asing 

contaminate Z when 
1t 
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9 1 ('\1')=0, Sinee this eondition implies the pr'esenee of 

the factor (l+eosw) in the numerator of gl(w), in the time 

domain, it is equivalent to the presenee of the factor (l+B) 

in aleS) and, therefore, the model for Zlt is given by 

92 (0)=0, 

(l-cosw) 

(I-B)z = (l+B)b , 
1t 1t 

(9a) 

Similat'ly, fr'om (6) and (8), it is seen that 

is monotonieally inereasíng in the 

Henee the eanonieal requirement 

range 

implies 

or equivalently, the pr'esenee of the factor 

in the numer'atot· of 9 (w), Thus lX =1 and 
2 21 

the mode 1 for' z i s equal to 
2t 

= (l-B)b 
2t 

Concer'ning the component z 
3t' 

because 

(9b) 

of 

symmetr'y, its spectrum will' reaeh a minimum of zer"o, for' 

w=0 and W=1r, Henee the two fae tor"s (1-8) and (l+B) 

have to be pr'esent in 0;3 (8), so that a:3 (B)= 

(1-B)(1+8)=1-B 2 , The model fllF' Z is then~for'e given by 

2 . 
( 1+B )z 

3t 
2 

(1-8 )b 3 t 

3t 

(ge) 

Consider'ing (9a), (9b) and (ge), it is seen that 

the canonieal r"equin~ment has allowed us to identify the 

lX-par'ameter's of the component models, This is suffieient 

to identify fully these modals sinee, plugging lhe o;-values 

in ths system of autoeovariance equations implied by (7), a 

unique solution for ths fow' unknown var'iances is obtained, 

This solution is given by 

2 
o /64 

a 
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2 2 
cr = O' /16 

3 a (10) 

2 2 
cr = 3 cr /32 

u a 

Expressions (9) and (10) eompletely speeify the 

models for the eomponents; F iguna 2 exhibits 

-eomponent speetr'a. Th~~ fir'st component, z , 
lt 

obviously 

represents a trend component, and the whi te-noi se u an 
t 

irregular component. The other two components, z and 
2t 

contain the series variation for the frequencies 

and úJ=f( /2 , the twi ce-a-year' and once-a-year 

seasonal frequencies in quarterly data. 

The appr'oach we have outlined pr'ovides elementar'y 

eomponents, each one (except the irregula.r) una.mbiguously 

assigned to 01 peak in the series spectrum. In a second 

stage, the baslc components can be aggr"egat¡;.~d as desir'ed, 

Thus, in our example, the total seasonal component, s t' 
would be equal to 

s = Z2t + z 
t 3t 

and, r"eplacing z 
2t 

and z 
3t 

wi th the i r" expr"essions (9b) 

and (ge), it is obtained that 

2 
( 1+B)( 1 +B ) s t 

2 2 = (1+B )(1-B)b2t+(1+B)(1-B )b3t (11 ) 

The r.h.s. of (11) is an MA(3), say e(B), for" whieh 

13( 1 )=0. rhe total seasonal compone'" wi 11 fo11ow then the 

model, 

2 3 
(1+8+B +B ) St = 

2 
(1-B)(1-e B-e B )e 

1 2 t 
(12) 
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where c is white-noise. Equating the autocovariances of 
t 

the r·',h,s. of (11) and o f (12), i t i s found tha t !3 =-, 819, 
1 

13 2 = -.344, 

in Figure 

2 2 
and a = .227 a ; the spectrum of St is given c a 

3, fhe model obtained for s i s in 
t ' 

this case, 

the same that would result from the seasonal adjustment 

method developed in Burman (1980) -who fir'st made the poirlt 

that the spectr'al p(~ak at w=0, implied by a seasonal 

differ"ence, should not be par't of the seasonal component

and Hillmer and Tiao (1982); this equivalence, however', will 

not be true in gener'al. Alter'natively, the model for' the 

seasonally adjusted 
a 

series, z t' 

sUlllming the other' two components 

eventually yields 

a 
(1-B)zt = (1-,42B)d t , 

can 

z 
lt 

be 

and 

obtained by 

u t' whieh 

(13) 

Sinee ther'e is no gener'ally aceepted definition of 

what is a seasonal cOlllponent, the choice of a model for said 

component is, to some degr'ee, ar'bitr'ar'y, Be that as it may, 

in the additive 

z 
2t 

and 

decomposition of z as in 
t 

are clearly associated z 
3t 

(4) , 

with components 

seasonal variation, but in which way can z +u 
lt t 

the 

the 

-or' , 

equivalently, expr'ession (13)·- also be cons ider'ed to 

represent seasonal variation? 

Notice that estimation criteria, however, cannot be 

used to decide whether ths seasonal component shouldbe 

charactet"'Ízed by, say ¡ model (2) or' (12). Having estilllated 

model (2), it is always possible to decompose it as in (12) 

plus (13), and both r"epr"esentations will be obser'vationally 

equivalent. nH~ decision of which r'epr'esentation should be 

used feH"' the seasonal component depends on i ts impl ici t oro 
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explicit definition, and it is difficult to accept a 

definition that includes as part of the seasonal a spectral 

peak for the (nonseasonal) fr"equency w.--Q, just as a 

spectr'al peak for the seasonal frequency ~'f\' would not 

be assigned to the trend, 
, 

3, Sorne Extensions 

is replaced by 
4 

1~ B , with O<~i1, 

and a t is replaced by an invertible 1lI0ving average e (B) a , 
q t 

with q~4, the discussion n:~mains basically unchanged, The 

vadable z will, in general, accept a perfectly sensible 
t 

decomposition into trend plus seasonal plus irregular, 

although the numedcal values of some of the parameters in 

the component models will change, The discussion can also be 

easily extended to the case s=12 by intr"oducing new 

components for the addi tional seasonal fr'equencies, 

In the final analysis, allhough a model such as (1) 

seems inadequate to char'acterize a seasonal component, i t i s , 
of interest to know the practical effect of this inadequacy, 

As a first example, the model 

4 
(1-.88 )Zt = a t (14) 

ver'y close to the ones used in Hylleberg (1986, Ch, 7) to 

characterize the stochastic seasonal component of several 

series, can be decolllposed -following a reasoning similar to 

that •.• Section 2- into a purely seasonal component and a 

nonseasonal one consisting of the sum of a trend, given by 

(1-.95 B)Pt = (l+B)c 
t 
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2 
o

c 
2 

= .0366 O" I with 
2 

o- = u 
.1161 

2 a 
o- . It is a 

variance of z 
t 

in 

and a white-noise irregular, with 

easily seen that more than half of the 

(14) is explained by its nonseasonal 

component. To have an idea of the relative size of this 

component, its standard deviation equals 72.6~ of the 

standard deviation of z . 
t 

Another·· example, with monthly data this time, is 

provided by the model 

12 
(1-.5 B )Zt = (1-.6 B)at 

very similar to the ones used by Hausman and Watson (1985) 

for their stochasti.c seasonals. Since (.944)12=.5, using 

the factorization 1-.5B12=(1-.944B)(1+.9448+(944 8)2+ ... + 
11 

(9448) ), as before, the component accepts 

seasonal plus nonseasonal decomposi tion. The trend i s given 

by 

(1-.944 B)p = (I+B)c , 
t t 

with tl=.00095 0-2 , and the var'Íance of the noise is e . a 
0-2=.0325 0.2 . Although in this case most of the var'Íation of u el 

z is "pur'ely" seasonal, the standar·'d deviation of the 
t 

nonseasonal component i t contalns i s found to be equal to 

19.2lo of the standar'd deviation of z, a relatively small 
t 

(though not neglígible) percentage. 

4. A Final Comment 

The appr'oach followed is easily extended to the 

case of sedes wi th di ffer··ent frequencies of obser'vations 

(see Manwall and Pier',<e, 1987), It can also be extended to 

estímate eomponents assocíated with nonzer'o and nonseasonal 
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frequencies, Consider, for example, a series that presents a 

nonstationa~'y cycle of perlod T (lar'ger than ayear') I 

revealed perhaps by the factorization of the autoregressive 

polynolllial in the llIodel for the observed series I or perhaps 

by a priori knowledge that such a cycle exists, One of the 

cOlllponents of the series would follow then the llIodel 

where t\l:=2 cos w and 

par'ameters, a and 

interpr'etation, rhe 

w=211'/T, The 
2 

which O' i I 

var'iance of 

model 

have 

a 
it 

(15) 

depends on two 

a rather natural 

( e x p r'e s s ed a s a 

per'centage of the variance in the sedes innovation) 

reflects the r'elative impor"tance of the cyclical component 

in the series, while the a-parameter will be associated 

wi th i ts random nature, Lar'ger' values of a imply more 

stable components, as seen in Figur"e 4, which displays the 

spectra of a cyclical component with a period of 2 1/2 years 
2 

in quaterly data, for a=±5 and 0',=1, 
1 

The ARIMA r"epr'esentation of the cycle, given by 

(15). can of cour·'se be tr·'anslated into a state-space 

n;!pn~sentation following, for" example, Aoki (1983, pp, 

29-31), In fact, cOlllponent 1lI0dels sOlllewhat similar' to (15) 

i s a state space fr·'amewor'k have been us~~d by Harvey (1985) 

to estimate cycles, 



- 21-

REFERENCES 

Ansley, C.F. (1983), "Comment to 'Forecasting Economic Time 

Series wi th Structural and Box-Jenk ins Models'," 

Journal of Business and Economic Statistics, 1, 

4, 307-309. 

Aoki, M. (1983), Notes on Economic Time Series Analysis: 

System Theoretic Perspectives, Berlin, Springer

Ver-lag. 

Be11, W.R. and Hillmer, S.C. (1984), "Issues Involved with 

the Seasonal Adjustment of Economic Time Series", 

Journal of Business and Economic Stati stics, 2, 

291-320. 

Box, G.E.P., Hi11mer, S.C. and Tiao, G.C. (1978), "Analysis 

and Modeling of Seasonal Time Ser'ies" in Seasonal 

Analysis of Economic Time Ser-ies, ed. A. Zellner, 

Washington, D.C.: U.S. Dept. of Commerce - Bun~au 

of the Census, 309-334. 

Bunna.n, J.P. (1980), "Seasonal Adjustlllent by Signal 

Extr'action", Journ~l of the Royal Statistical 

Society, A, 143, 321-337. 

Cleveland, W.P. and Tiao, G.C. (1976), "Decolllposition of 

Seasonal Time Series: A Model for the X-ll 

Progr'am", Jour'nal of the American Statistical 

Assoc~_~ion, 71, 581-587. 

Engle, R.F. (1978), "Estimating Structur'al Models of 

Seasonali ty", in Seasonal ~nalys i s of Economic 

Time Series, ed, A. Ze11ner, Wa.shington, D.C.: 

U.S, Dept. of Commerce-Bureau of the Census, 

281-297. 



- 22-

Gr-anger-, C.W.J. (1978),"Seasonality:Causation, Interpn~tation 

and Implications" in Seasonal Ana.lysis of 

Economic Time Sedes, ed. A. Zellner-, Washington, 

D.C.: U.S. Dept. of Commerce 

Census, 33-46. 

Gourieroux, A. and Monfort, A. (1983), 

Temporelles, Paris: Economica, 

Bur'eau of the 

Harvey, A.C. (1981), Time Series Models, Deddington: Philip 

Allan. 

Har'vey, A.C. (1985). "Trends and Cycles in Macr'oeconomic Time 

Series", Jow-nal of Business and Economic 

Statistics, 3, 216-227. 

Hausman, J.A. and Watson, M.W. (1985), "ErTor's-in-Var--iables 

and Seasonal Adjustment Pr'ocedw'es" , Jour'nal of 
-~._~-_._-----

Hilllller", S.C. and Tíao, G.C. (1982). "An ARIMA-Model Based 

Appr'oach to Seasonal Adjus tm(~nt", }_~¡¿r.!..',~r:.,2_~tJ1~ 

AllIer"ica~~_1::att?_tical ___ f!.?_s~~c(~jon, 77, 63-70, 

Hylleber'g, S. (1986), SeasonalitL in Regr'ession, New Yor'k: 

Academic Pr"ess. 

Maravall, A. and Pierce, D.A. (198'7), itA Pr"ototypical 

Seasonal Adjustlllent Model", 

lLeri~.J:Inaly~is, 8, 177-193, 

Mar"avall, A. (1988). "The Use of ARIMA Models in Unobser'ved 

Components E s t illla tion" , i n Qy!~¿;¡'_llIi S:, ___ !:C_~_9.!..'Q.I!l.~1::.!:tlO 

Mod~11j_!:l.9., eds. W. Bar'nett, E. Ber-ndt y H. White, 

Cambridge University Press, 171-196. 



- 23-

Nerlove, M., Grether, D.M. and Carvalho, J.L. (1979),Analysis 

of Economic Time Series: A Synthes i s" New Yor'k: 

Academic Press. 

Pagan, A. (1975), HA Note on the Extraction of Components 

from Time Series", Econom~tdc-ª, 43, 1, 163-168. 

Pier"ce, D.A., Gr"upe, M.R. and Cleveland, W.P.(1984)."Seasonal 

Adjus tment of the Weekly Monetar"y Aggr-'egates: A 

Model-Based Appr'oach", Jour'rlal of Business and 

Economic Statis.tics, 2, 3, 260-271. 

Pierce, D.A. (1978), "Seasonal Adjustment When Both 

Oetennini s tic and Stochas tic Seasonali ty are 

Present", in Seasonal Analysi s of Economic Time 

Ser'ies, ed. A. Ze lIner, Washington, O. C.: U. S. 

Oept. of Commer'ce ,- Bur'eau of the Census I 242-269. 



- 24-

FIGURE 1. 

SPECTRUM OF 'V 4 Zt = at 

2 

1 

o 
o PI/4 PI/2 3PI/4 PI 



FIGURE 2. 

COMPONENTS SPECTRA FOR THE MODEL V 4 lt = 8 t 

al TRENO COMPONENT bl TWICE-A-YEAR SEASONAl COMPONEr.. 

2 r_r-------r---------.---------.---------.-~ 2 ~I----------r---------._--------_r------_,--r_, 

Z1l Z2t 
1 ,-

o L _;;::c-==_L __ I 

o PI/4 PI/2 3PI/4 PI 

o ~I 

o PI/4 3PI/4 PI/2 PI 

el ONCE-A-YEAR SEASONAl COMPONENT dI IRREGULAR COMPONENT 

2 2 , I ,. 1" 

'31 U1 -

o o 
o PI/4 PI/2 3PI/4 PI O PI/4 PI/2 3PI/4 PI 

N 
V1 



- 26-

FIGURE 3. 
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Abs tr'act ._ ....... _ .................. _ .... '_. 

Using an ARIMA par'ame tr·'.\.zation , this nob~ pt·'ovid\~s a IIN'y 

sÍmph; ~woof 01' how th.~ Wü>rwr'-··Kollllll(;JclI'·'ov-·Whitt:l" f.i.lt",~r' Lo ,~stÍllIat.~ 

signals in t.illl\~ s,~r·'it~s can b(~ ext(;)nd.~d to th(~ nonstationowy case, rhe 

P¡'·'oof i 5 Ved id for' any nUllIber· and typo 01' uní t r'oots (not s illlply tho%~ 

ill\pl.i,~d by difh"n,lnci(9) in both the s.lqnal and U\(;) oV(;\f'all mod(;)l.· 
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Intr'oduction 

The use of the Wiener'-Kolmogor·'ov fiIter', as developed in 

Whittle (1963), to estímate signals or' unobser'ved components in ARIMA 

models becoune a power'ful tool in applied time sedes wor'k when the 

technique was extended to cover' nonstationar·'y sedes and signals, l<ey 

references ar·'e the pioneer' wor'k of Cleveland and Tiao (1976) and the 

compr'ehensive paper by Bell (1984). An impor·'tant pr'actical application, 

for' example, has been the so-called ARIMA model-based seasonal 

adjustment method; see Bw·'man (1980) and Hillmer and Tiao (1982). 

In this note we pn~sent an extr·'emely simple a1ternative W'oof 

of how Whi ttle' s resul t can be extended, in a r'ather natural way, to 

pr'ovide the minimum mean squar·'ed erTor' estimator of the signal in the 

gener'al nonstationary (unit roots) case. 

1. General Background 

Cons ider a series x that can be decomposed as the sum of two 
t 

independent unobserved components, 

(1. 1) 

which follow the ARIMA models 

(l.2a) 

~ (8) n = e (B) c 
n t n t 

(1.2b) 

where b and c are independent gaussian white noises with variances 
t t 

and 

:"olynomials 

interest. 

v ; 
c 

in 

Since 

and ~ 
s 

B, the lag 

the r'oots 

, e I <1> and e are finite 
s n n 

operator. Let s represent the signal of 
t 

of the autoregressive polynomials <ll and 
s 



$ imply peaks in the 
n 

- 34-

spectnJtn of x 
t 

fOf" cer'taín fr"ec¡uencies, anc! 

since differ"ent eomponents an~ associated with differ'ent peaks, i t i s 

assumed that q¡ and q¡ 
n 

have no in comlllon ( fot" 
s 

complete discussion see Pieree, 1979, ) Furthermor'e, 

e may be noninver"tíble, i t (¿Ji 11 be assumecl that 
n 

al though 8 and 
s 

they do nol share 

the same unit root, so that the overall model for x 
t 

i s inver'tible. 

Equations (1.1)-(1.2) 

follows the ARIMA model 

where 

and the 

Q>(B) x t = 8(B) a 
t 

t1>(B) :::: q¡ (B) t1> (8) 
s n' 

polynomial 8(B) 

obtained through tlle identity 

anc! 

imply that tbe 

the varianee 

8(B) a = q¡ (8) 8 (8) b + W (8) 8 (B) e 
t n s t s n t 

easily derived fram expressions (1.1) to (1.4). 

obser"ved 

of 

(1. 3) 

(1. 4) 

(lo 5) 

x 
t 

be 

Let all sUfI1mation signs in lhis saetíon extend fr"om -:1) to 

00, ana consider the linear estimator of St 

when"! 

,,,", 

St -- v(B) x 
t 

v(8)=2: v. sj. In 
J 

be denoted simply by 

or'der" to simplify notation, 

a gr'eek letter; an upper-' 

(2, 1) 

lel a polynomi¿d in 8 

ba.~·' wi 11 denote the 
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polynomial with B replaced 

(\) =<'P (F). 

-1 
by F=B . Thus, 

s s 

1\ 

The mean squared error (MSE) of 5 i5 
t 

MSE 
2 = E[s -ves +n )] 

t t t 

e 
s 

(p 
s 

e 
n 

= 

2 

foro example, <'P =$ (8) and 
s s 

(2.2) 

and it will always be finite, even when the roots of (p and (P 

are nonstationary, when 

l-v = (P úJ 
s 1 

s n 

(2.3a) 

(2.3b) 

2 
where úJ and úJ ar"e polynomials in B such that E. úJ .. <ID for i=1, 2. From 

1 2 J 1 J 
(2.3), the following identity is obtained 

(2.4) 

Equating the autocovar'iance generating functions on both sides 

o f (1.5) Y i e Id s 

e e v = (p (p e e Vb + (P s (p e e v (2.5) 
a n n s s s n n c 

Dividing both sides of (2.5) by eev and then adding and 
a 

substracting the polynomial (P (P úJ in _he right hand side, 
s n 

where úJ is any ar"b i trary polynomial in e, (2.5) can be rewr-l tten 

[- J ~"l ~I 
(p e e v (P e e Vb s n n c n s s 

1 = 
(PS e e + (p + (p (2.6) 

V 
n e e v s 

a él. 
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Compadng (2.4) and (2.6), it is :leen that 

<1> 
s 

w1 = 

(\l 
n 

w2 = 

and the fi Iter' v, 

v = 

e e v 
n n c 

+ (\l w 
e e v n 

a 

e e Vb s s 
(\l w 

e e v s 
a 

fr"om (2.3b), becomes: 

-e e v 
a 

- (\l w 
s 

(2.70.) 

(2.7b) 

(2.8) 

Let W be the set 

filters v defined by 

finite if vtfn. When 

2 
W={wl Ew. <ro), and denote by n the set of 

1 ~ 
(2.8) with w EW.The MSE of s wfll always be 

t 
the roots of <1> are nonstationary, only fU ters 

vé n wiIl yield fini te MSE estimators. 

The Whittle filter, given by 

where 

notabon, 

v = o 

v = o 

Vb 

v 
a 

and it obviously 

,. ,. 
s s 

and 

<1> <1> 
n n 

e 
s 

e e 

belongs to 

e 
s 

n since 

becomes, in our ARIMA 

(2.9) 

then w=o. When the roots of <1> 

stationary, v produces the minimum MSE estimator oF s OUt' 
o t' 

aim is to show that (2.9) still yields the mínimum MSE estimator of s 
t 

in the nonstationary case. 
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3. The Result 

Let the polynomials e , e ,~ and s n n the varianees Vb and Ve be 

fixed, assume ~ =1+~1B+ ... +~ BP , and consider 
-1 s p 

the roots of the equation 

zP+~1zP + ... ~ =0. The coefficient 
. p 

~.=(-l)JS., where 
J J 

S. is the sywnetric 
J 

~. (j=l, ... ,p) is 
J 

function consisting of 

given by 

the sum of 

al! combinations of the products of j roots; thus ~ is a continuous 
j 

function of the roots. Assume there are m real roots and 2n complex 

roots (m+2n=p). Express the complex conjugate roots in terllls of the 

1lI0dulus, r.(r.>O), and the frequency, f.(f.E [0,211']). Let the 
1 1 1 1 

frequencies be fixed and construct the ~ector r with elements the real 

positive roots, the negative of the real negative roots, and the n 
m+n 

1lI0dulii r i of the complex roots. The vector r' belongs to R+ 

Define the vector u of lhe same dimension as r and with all elements 

equal to 

of Rm+n 
+ ' 

one. Let F=(~ , ... ,~ ) 1; 
1 P 

sinee 

F is a continuous function of r at u. 

u is an inter"Íor point 

Expression (2.5) implies a system of covariance equations in 

the e and V parameters, wher'e all equations are polynomials. The 
a 

Jacobian of the system evaluated at F(u) will be therefore nonzero 

(except possibly on a zero measur'e set on the space of the ~, 
n 

e, e, Vb and V , parameters. ) Thus the e and V 
s n c a 

parameters will be (a.e.) continuous in F at F(u). It is then inmediate, 

from (2.7) and (2.8) that the coefficients· of ~1' w2 and vare 

also continuous functions of F at F(u). Let v denote the vector with 

elements the coefficients of v. For v given by (2.8), v=v[F(r') ,~] 

is a continuous function of r at u. Define the polynomials ~l(r,~)es 

and 8=-úl (r,~)e , with ~ and ~2 given by (2.7). From(2.2) and (2.3)1 for 
2 n 1 

v é O, the MSE of ~ can be expressed as 
t 

2 
MSE {F(r), v[F(r), ~]} = E[~ bt + 8 c t ] 

and hence MSE is a continuous function of r at u. 

= 
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In our notation, v given by (2,9), for the nonstationary 
o 

case, can be written as V[F(u) ,o], Its minimum MSE proper"ty i5 

established in the following theorem, 

Theor'em: MSE{F(u),v[F(u).oJ} < MSE{F(u).v[F(u),úJ]} for' any úJ::f.0. 

Proof: Assume the theor'em is false, Then 3 úJ*, úJ*<: W and úJ*j.O, such that 

MSE[F(u),v[F(u),o]} ) MSE(F(u),v[F(u),úJ*]} (3, 1) 

Then, by continui ty, for a vector e >0, of the same dimens ion as r and 

with small enough positive elements, (3,1) implies 

MSE(F(u-e),v[F(u-e),o]} ) MSE{F(u-e),v[F(u-e),úJ*]} (3,2) 

Since for' F(u-e) we ar'e in the starionary case, v[F(u-e). O] 

minimizes the MSE of and hence (3,2) canno t be true. pr'ov i ng the 

Theorem, 

Notice that the Theor'em assullleS that all roots of <1> ar'e 
s 

nonstationary, The case in which only some of them are nonstationary can 

be proved in an identical way simply by fixing the stationary roots and 

removing them from the vector r, The proof is thus genero'al in that it 

can handdle any number' and type of uni t roots (not silllply those illlplied 

by differencing), in both <1> and <1> , 
s n 
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