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RESUMEN EN ESPAroOL 

pon~ue simplemente faltan datos en algunos periodos (aIslados o en 

grupos), porque cambia la fr~cuencia de observación, o porque algunos de 

los datos son clal"afllNlté' er·I·"órw08. Aunque li;\ litül"att,ll"a é'stadistica S(~ 

ha ocupado de üllo düsde h61.cü 61.1961'1 tiempo, la estimación dü las 

obsül"vac :1. on~' s au s (~nt(~ s siguü sipnclo un pnJbl(~ma computac :i.onal 

complicado, En los últimos años ~,Q ha c!xtc\ndido el alqor'itmo llamado f.:M 

El alqoritmo EM es relativamente complejo y requiere el uso dü 

r'llt:i.rlÓ\s d(~ ¡:wogr'amación no·l:i.n(~al y de filtl"o de ¡<alman, qUE~ no son 

fixclles cI(~ E!nContl"C\I" y nldl')(;!jar', [k' hé'cho, no ex:i,ste ningt:m PI"O~11''i;Una el", 

uso cjel')(\I"al par'a la ostimación d(; las obs(;r'\/acioI'H;S quP faltan "'1') ~H;I":i,(!s 

:incompl(d.as, 

En nt,le~¡tl"o txabajo, n"lacionando (d pl"obl,;ma con id análisis dé' 

int(~I"\/(mción y la oxlTacción de s()í;¡al(~s, Sé' ()bt:i.(H)(~ inlJ)(~di.atanH~nte la 

solución óptima, qtH~ puüdo eXpl"()Sal"SO "'1') fOI"l'Ila üxpl icita d(! mal'wl"C\ muy 

compacta, El análisi.s ()fr'(~C(~ l"esulti:'Hlos ó\dicionalt's de intN'ós como (!s 

la expn'sión analitica dtel ÜI',!,,'CW cuadl"ático nwclio de las estlrnacl0rH!~¡, 

que tambLón n?st.¡],ta muy compacta, H(!IJ)OS obttmido la solución par'a el 

caso general de cualquier conjunto C!", secuencias de observaciones 

~ustentes, colocadas ten cualquiter posi~ión relativa de la sürie tomporal, 

aná lis i s (~I')tl"oncó\ de una mal')(!I"a natt.lr'a 1 con 01 

observaciones atipicas e influyentes en spries temporales, 

Aunque los n~sult::ados ti(;I'H?n implicac:i.ones computacionales d~? 

irrU'n~s, en este pr'irn(;r tr'ó\bajo solalllenl;(~ fi~~uran los I"é~sul.tc\dos 

teóricos, que resulllinws a continuación, 



Dado un modelo ArUMA, ,)] mod,'-¡o "clual. o inV(!I"SO" es t'l quc' 

resulta de intercambiar los operadores autorregresivo y de medias 

rnÓII j l(! s, pOI" ,~jemplo, 

autorregresivA pura, con~ 

1( (El) z - a 
t t 

el modelo dual viene dado por 

S1 rnod,) 10 fonna 

1.0\ Ilal":í.anz6\ y ]"1 función d" au[:ocol"I"(,J<Kión dc!] mudelo dual se' cbtic'l'lpI'I 

de forma inmediata como 

v 2 2 () r.: TI', 
a 1 

p(B) j ) ji' 2 ~((B) 1((13 ," 1(. 
J 

PS una rncdí,i~ pond~~r'ó\cla de las obse!"vól.cion,,!s disponibles, donde Jos pe~;os 

son simplemente los coeficientes de la Función de autocorrelación dual o 

inIJE'I"Sa, [s de'cil", si la ob!¡cl"vac:í.ón que' falta p!¡ la c:ol'Tcsponcli('nl;c' al 

pur'Íoc!oT", el e~ti.rnador óptimo ()s iqui,<l a 

" z r p r, l' ) .. r' i >0 'i \'r f,i····'T,i 

varianzó\ del procuso dual; es decir, 
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y, a continuación, al caso en ül que fcdta una S(!CUel'lcÍ<~ de var'ias 

()bsür'\Iacion(~s, En (~stü últi.mo caso, ('1 vector' de ('.stimadones óptimos se 

obtiel'H>' de la s:i.guient(,~ mdrH>.l~a: S~~ rellenan los "agujeros" en la serie 

con valores escogidos arbitrariamente, Se estima cada observación 

aUBenU>. nH>.diante el mótodo arrLür-:i.(w, (~s d(>.c:i.r, bajo el sl.lpuesto dt' que 

los d(>.más valol"os ar'bitr'ad.os son COrT('ctos, .Y 01 vectol" de (~stimadol"l:~s 

qw>. r'esulta se pn~multipl:i.ca por la in\lN'Sa d('. la matl"iz ele 

autocorrelaci6n del modelo dual, Si ül vector que resulta se sustrae del 

vector' de val.ol"es ar'b:i. tr'ar-:i.o s , S{' obt:i.erwn los estimaelor'(>.s óptimos de 

las ob%~r'l/aciones ausenb!s, El \} 1"1"0 1" cuadr'~lt:i.co IlH>.dio de estimación es 

la i nve I"sa ele la matr' i z eI('. autocor'l"e lac :i.ón dual, Fina lmente, el 

resultado se generali7a fácilmente para cualquier ¿onjunto de secuencias 

ele cualquier longitud de observaciones ausentes, 
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Given óln ARIMA model, its "dual or' ínver'se" model ís the one 

that n,sults fr'om inter"changing the autor'egr'essive and moving aver'age 

oper'atot"s. In this paper-', W\! pr"ove that lhe opUntal eslilllator" of a 

missing ob%H"vation in an ARIMA ~Jr"ocess .i s a weighted aver"aga of the 

obser"vations wher-'e lhe w\üghts lhs coefficienls of the 

autocorrelation function of the dual ~>r'oce s s (i. e. , the "dual 

inver"sr;:;" aulocot'Telation funclion); the llIean squan~d estimabon ,H"ror' is 

the inversa of the variance of the dual procesa. rhe result is extended 

lo cover", fir'sl, the case of missing ob%lr'vations m,ar' lhe two extn,mes 

of the sfwies; then, to the case of a sequence of missing obser"vatlons, 

arle! finally, to lhe gener"al case 01' any number' of sequences of any 

length of l1liasing Ob!HWvations, In 6111 cas~,s the optimal estimator' can 

b(:,) expn,ssed, in a cOlllpact way (tr'lvial \:0 compub~), in tt~nns of th", 

dual autocofTeL!4tion function. lhs mean :,quar"ed estimation en'or" 15 

always aqual \:0 th" inven¡.,;~ of th" (apl:wOpt' i.OIte 

a.utocovar'Íar\ce rnatr"ix, 

chosen) dual 

AMS 1980 subject classificOItions: 62M20, 62MIO, 90A20, 

lü~y won:ls anel phl'ases: Missing values, signal extr"action, 

interv'2ntion analysis, influence analysis, ARIMA model:>, sllloothing. 
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In this paper" we deal with estimation of missing obser'vations 

in time sedes that ar'e the outcome of Autor"egl"essive Integr"ated Moving 

Aver"age (ARIMA) models, We assume that the ARIMA model i s known and 

hence we concer"n our"selves wi th obtaining the condí tional expectation of 

the missing obser'vation given the available ones, assuming the model is 

corr"ect. We do not addr"ess the pr'oblem of r'\il-estimation of the 

pal"ametel"s of the model once the missing obsel"vations have been 

estimated. In ter"ms of the well-known EM algodthm, we pr"ovide an answer" 

to the E -the expectation-- step. In a pr"actical application, of cour"se, 

if maximum likelibood r'estimation of the model yielded significantly 

di ffl:.went estimates, new estimator's of the missing 

obser"vations shol.lld be compl.lted wi th lhe new model, and lhe pt"ocess 

COli Id be iter'aü~d unti 1 convet"gence; see Peña (1987) (lt" Li ttle and 

Rubin (1987) , 

Thus, we assume that the sedes in question follows th€! g(Hler'al 

ARIMA model 

<P(B)z: =: 8(B)a 
t l ' 

(1. 1) 

wher'e <P(B) and 8(B) eH"e fini te polynolllials in the lag oper'i:.ttot" B, 

and a t is a gaussian white-noise pr"ocess (without loss of genet"alily, 

we set 0,2=:1.) The polinomial <P(B) may contain any numbet" of 
a 

uní t r"oots and hence the pr"ocess may b(l nonstationar"y; we shall assume 

however', lhat the model is inver"tible, so lhat the r"oots of 8(B) will 

lie outside the unit cir'cle. The model (1.1) can altel"natively b(l 

expr'essed as 

z =: o/(B)a , (1,2) 
t t 

with o/(B) = 8(B)/<I>(8), 01" as 
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(1. 3) 

-1 2 
where 11"(8)="(8) =(1-11"18-11"28 - ... ). The "inverse ordual model" of an 

ARIMA model is the one that results from interchanging the AR and MA 

polynomials; therefore the dual model of (1.1) is given by 

(1. 4) 

and the inverse or dual autocorr'elation function (DACF) of Z t' first 

introduced by Cleveland (1972), is equal to 

(1. 5) 

-1 
where F=8 and V is the variance of the inverse pr'ocess, equal to 

D 

(1( =1) 
o 

Invertibili ty of a process guarantees stationad ty of its dual pr'ocess 

and the existence, thus, of the DACF. Fr'om the ARIMA expr-ession of the 

model, the DACF is immediately available. 

2. Qe...timal Smoothing of a Missing Value. 

Consider' a time series Zt wi th a missing value for' t=T. 

Denote by z(T) the observed series ( ... , 

zT , ... ). rhe minimum mean-squc1wed error' (MMSE) 
+2 

given by 

that is 

ZT_2' zT_l' zT+l' 
estimator of Z is 

T 
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where Cov(~, z(r» is a vector of components Cov{zrzi L (í~T) 

and var(z(T» is the covariance matrix of Z(T)' Therefore 

that is, zT is a linear combination of the observed values, where the 

ex. weights depend on the covariance structure of the process. 
1 A 

Several authors have shown how to compute z: recursively using the 
T 

Kalman filter (Jones, 1980; Harvey, 1981; Kohn and Ansley, 1983). Others 

have obtained the smoothing coefficients in particular cases (Abr'aham 

and Box, 1979; Miller and Ferr'eiro, 1984). A general expression, 

however, has not been derived. In order' to do so, let us for'mulate the 

problem in the following manner: 

Assume the sedes z: is not observed and we obser've instead 
t 

Zt' given by 

where w is any unknown constant. Since 

appropdate estimator of w wr.'H'e available, 

through 

(2.1) 

Z is observed, if an 
T A 

then zr could be computed 

In order to estimate w, define the dummy variable d t , such 

that dt=O for t*T and dT=1, and write the intervention medel 

(2.3) 

which is obtained by combining (1.2) and (2.1). rhe model (2.3) can 

alternatively be written 
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and, defining the i t is 

seen to be the simple regression model 

with x t deterministic and a t white-noise. Assuming the obserl/ed 

series extends from t=1 to t=n, the optimal estimator of w is gil/en by 

" 2 w = E Y t x lE x t ' (2.4) 

where al! summation signs extend from t=1 to t=n. Assume n+m; then, 

after simplification, 

and 

Therefore (2.4) becomes 

or, according to (1.5) , 

" O w = P (B) ZT (2.5) 

Intr'oducing (2.5) in expression (2.2) I the estimator of the missing 

obserl/ation zT can be expressed as 

(2.6) 

O 
coefficient of Bk (and of Fk ) in 

O 
Let Pk denote the P (B). 

O ¡.. 
Since P =1 and Z =z foro, ~T, the estimator zT can be 

o t t 
rewr-Í tten as 
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which tells us that the optimal estimator" of the missing value is a 

symmetdc linear combination of the obser'ved values, wher'e the weights 

ar'e the coefficients of the dual autocorrelation function (centen~d at 

T), lhe filter (2,7) will be finite for a pw"e AR model and will extend 

to !D otherwise; inver'tibility of the model, however", guarantees its 

convergence in this last case, 

If the process requires differencing the sedes (and hence is 

nonstationar"y,) 1r(1)=O so that, from (1,5), 

o O 
P (1) = 1 + 2E Pk = O , 

o 
whet"e the summation sign extends from 1 to m, Therefore -E Pk=1/2 and 

the sum of the weights in (2,7) is one; the estimator" '2:1' is, in this 

case, a weighted mean of past and futur"e values of the sedes, If the 

process is stationar"y, ,,'(1»0 from which it follows that 

1 f~: (1~1 < 

l E 1t, 
1 

1 

2 2 

A 
and hence the estimator ZT repr"esents a sh,"inkage towar"ds the mean of 

the w'ocess, 

The result (2,7) pr'ovides a compact expn.~ssion for the 

estimator, which can be easily implemented, As a first example, consíder" 

the r'andom walk model 

The dual model is 

k=O,l; thus 
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This rasult justifias tha practica of estimating missing obsarvations in 

sedes of stock mar"ket pdces or curTancy r"ates of exchange by simply 

avaraging the two adjacent obsar'vations. 

As a second example, for" an AR(p) process it ls easily found 

that 

(2,8) 

for" k=l, ... ,p, and P~=O for' k>p. Thus the optimal estimator" is 

whare 

in agr"esmerlt wi th the r"esu lts of Abraham and Box (1979), Peña (1984) and 

Miller and Ferreiro (1984). 

" Since the estimator" Z does 
T 

not depend on the obser"vation 

Z,-' (1.5) and (2.6) imply that it can be expr"essed as 

(3.1) 

or', using (1.2), 

(3.2) 
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Thet"l;~fon~ 

Slnce Var-('Il'(F)a ) 
T 

and the expectation at the end of the 

axpression is equal to one, 

A 

Var (zl-) = Var (z ) - l/V T D 

so that the vaf"iance of the estimator- is always smaller' than that of the 

tt'ue obser"vation, It is uf interest to look at this smoothing fr-om 

another" angle. 

As sume we wi sh to decompose the 

noise, as in 

when.l u,~niid(O,V ) 
t u 

and s 
t 

and 

z into signal plus 
t 

(3.3) 

mutually or-thogonal. The 

MMSE. estimatcw of the noise is given by (see, foro example, Box, Hillmer' 

and Tiao, 1978) 

1\ 
and, cons ider-ing (3.1), the es timattw zT can be expr"es sed as 

" A ZT = z - l/(V V) u T . D u T 

Using (1.2) in (3.4), 

" ut = Vu 'Il'(F) a t ' 

(3.4) 

(3.5) 
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fr"om which i t i s obtained that 

(3.6) 

~ ~ 
where V u denotes the variance of u t' Comb i n i ng ( 3 . 5) and (3. 6 ), the 

estimator" ~ can then be wri tten as 
T 

where 

" k :::: V IV 
u u 

(3.7) 

(3.B) 

r'epresents the r"atio of the vcu'iances of the noi se and of i ts MMSE 

estimator". Since the es ti mato r" has always a smaller" vadance (see, for 

exalllple, Mar'aval!, 19B7), the r'atio k i s always gr'eater" than one. 1'hus 

the es tilllator uf the missing obser"vation is equal to the obser"vation 

minus 
A 

a multiple 
A 2 

of the noise estimator··. Given that Var (kut ):::: k 

V :::: 
u 

than 

k V , what is substracted 
u 

the noise cOlllponent of 

fTOIll the obser'vation is 

the sl':wies. 1'he k may 

consi.der"ably. 1'0 see two examples, for' the r"andom walk model k::::2; for" an 

Aidine type of model with e ·· .. e _ .. 25 (see Box and Jenkins, " e 12-' 
1976), k::::25.5. Since, fr"om (3."7), z1' can also be expressed as 

wher"e (k-1»O, the estimator of the missing obser"vation is equal to the 

estimator of the signal that would be obtained with the complete sedes 

Illinus a Illultiple of the estimator" of the noise. 

4. Mean Sguared Error of the Mi~sin9-Q~servation Estim~tor 

" :::: k u t ' and hence 



" MSE (z ) 
T 
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From (3.6) and (3.8) it is obtained that Vo = 1/(k2 ~u); thus 

1\ 
and the mean squowed er·t'or of the estimator z' is simply the inver'se 

T 
of the variance of the dual process, which is trivial to compute for any 

given modelo Invertibility of the model implies that the MSE will always 

be finite and, since VO>1, smaller' than the one-pedod-ahead forecast 

variance, as should be expected. 

Consider" the pt"oblem of estimating a missing obser'vation at 

time T for a series that follows the AR(2) model 

(5.1) 

An obvious estímator' of z1 is the one-períod .. -ahead forecast of the 
o 

series [ ... , zT_2' zT_1]' Denoting this estimator by z1' 

ZO =. Z + .2 ~T-2 ' T 1 T-1 
(5.2) 

and the MSE of z~, Mo is equal to cr!=1. 

Equation (5.2) is obtained by setting a =0 and t:::T in (5.1); 
t 

the estímator obtained obviously ignores the infor"mation zT+k' k>O. An 

alter'native estímator that uses this infor'mation can be obtained by 

considering Z 3!: the first 
T 

Z ]. This is equivalent to 
T+2 

element in the sequence [zT' zT+1' 

setting the innovation equal to zer'o and 

t=T+2 in (5.1), and the resulting equation can be solved to obtain the 

new estimator 



with associated MSE M2 = l/W~, 

2 
2' 

T 
is 

While 

cOlllputed as 

is cOlllputed 

the fint 
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as Lhe final elelllent 

element, Equation (5,1) 

of a 

sti II 

(5,3) 

ser'ies, 

ofhH'S 

another possibility, namely, when 2' is 
T 

in the middle, 1'his wiU 

happen when t=T+l in (5,1) and, solving fot" zT' a thü'd estilllatof' is 

obtaíned: 

(5,4) 

Finally, a "pooled" estimator" of Z can be obtained as a 
T 

w\üghted aver"age of the thr"ee pr'evious estimators, when~ the w~üghts an.'! 

pr·'opot·'tional Lo Lhe w'ecision of each estimator", If z~ denotes the 

pooled estimatof', 

-1 
where h =1/Mo+l/M 1+1/M2 , Consider"ing (5,2)-(5,4) and the values of Mo ' M1 

and M2' it i s found that 

Of", in view of (2,8), 

Thus the pooled estimato~" is equal to the optimal estimator" 

2'T' der"ived in Section 2 and given by (2,7), Ther"efor"e, the optimal 

estimator' of the mi ssing obser'vation can be seen as a weighted aver"age 

of the estimators that ar"e obtained by assuming that the missing 
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observation occupies all possible different positions of z in the 

autoregressive equation (5.1). 

The t:wevious result foro the AR(2) model gener"alizes to any 

linear" invet"tible (possibly nonstationar'Y) model of the type (1.1). 1'0 

see this, write (1.1) as (1.3), i.e. 

or", for t:=T+j, (j = 0,1,2,,,.) , 

ZT+j :::: tl'l zT+j_l + 11'2 zT+j_2 + ... + fl'j zT + ... + a T+ j 

Setting OLr+j::::O and solving fot" .2'T' the estímator .2':~, given by 

:::: (l/fI'.)[fI'(B) Fj + fI'.] ¿'1" 
J ' J 

obtained (for' j::::O we adopt 

is given 
2 by M .=::1/1( .. 

J J 

the convention U =-1.) 
o 

l.etting j::::O, 1,2, ...• 

es timator', Z p 
T' is given by (all sumlllation signs extend 

j::::ro ) 

z,~ :::: h í: Z~jM. , 
.l 

-1 
where h := E(l/M.) 

J 
\~ 2 V l"h . (" , 7) , :::: L fl'j :::: O. US, uSlng J 

and, considedng (3.1), zP:::: ~ as c1aimed. 
T '1" 

(5.5) 

(5.6) 

(5.7) 

The MSE of 

the pooled 

fr'olll j==O to 

(5.8) 
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6.1. Estimation 

The optimal estimator' of a missing observation at time T, 

dedved in Section 2 and given by (2.7), is a symmetdc fi 1 ter' center'ed 

at r. Allhough it extends theor'etically fr'om -:n to +:n, inver'tibility 

of the sedes guar'antees that the fi 1 ter' wi 11 conver"ge towar'ds 2er"o, and 

hence that i t' can be tr'uncated and applied to a fini te length sedes. 

For T close enough to ei ther' end of the sedes, however, (2.7) cannot be 

used since observations needed to complete the filter will not be 

avai lable. 

Assume that the tr"uncated fi 1 ter' extends fr'om (T-N) to (T+N); 
D 

for" k>N PkzO. Let the available sedes consist of the that i s, 

(T+n-1 ) obser"vations [2, 2 Z Z z]. Two 
1 2"'" 'T-l' T+1"'" T+n 

cases can be distinguished: 

(A) If N)n, the "futur'e" values (ZT+n+l'" . , ZT+N) a n.o! 

needed to compute i'T wi th (2.7), but they have not been observed yet. 

(B) If 1 >T-N, the "star"ting" values (Z_I_ N'''''z,) .. - o 

" needed to compute z yet they are not available. T' 

To silllplify the discussion, assullle that T+n>2N+l (i .e., the 

length of the filler' is smaller' than the length of the sedes) so that 

cases (A) and (8) cannot occur simultaneously. Consider first case (A), 

when futur"e obser"vations would be needed in or"der to apply (2.7). 

Similarly to the case of unobser'ved cornponenls estimation (such 

as, for example, seasonal adjustment) one can think of extending the 

ser'les beyond 

extended sedes 

Z with 
T+n 
(see, fo," 

for'ecasts, 

example, 

and apply the fi Her' to 

Cleveland and Tiao, 1976). 

the 

This 

procedure, however, cannot be used in the present context because uf the 



following 

that n<N, 
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consider"ation: 

the fact that 
= 1(B)11'(F)/V D' 

illlplies in gener"al 

given 

(not 

necessarily always) tha t 11' f.O, 
n+l 

Consider the AR r'epr"esentation of 

the one-pedod-ahead forecast 

Since 11' ~O n+l'" , it follows that the llIissing observation would be 

needed in or"der to compute the for'ecast, 

To det"lve the optimal es ti 11101 tor" of Z when T is close to the 
T 

end of the series, we use the llIethod elllployad in section 4 to provide an 

alternative derivation of Fr"olll expr"ession (5.5) , only (n+l) 

equations of the type (5.6) can be obtained, nalllely those corresponding 

to j:=0, 1, ... ,n, since 

lherefore. expression 

extending now fTOIll 

Znj 
(5.8) 

j::::O 

for j>n 

remains 

to j'.::n, 

has not 

valid wi th 

and h 
-1 

by Vn the tr"'uncated vadance of the dual pr'ocess, 
D 

and by .n(F) the truncated AR polynolllial 

then, 

" (l/V~) Er,l [11'(B)F j +11'.] zT - 11', Z -J=O ] J T 

:::: Z - (l/vn) rI'(B)(I:~ 11', Fj ) zT , 
T D ]=0 J 

been obser"ved yet. 

the sUllIllIation sign 
n 2 - Lj::::O 1(. Denote 

J 

(6, 1) 
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Since this express ion does not 
A 
Z can be wr" i tten as 

T 

wheni~ 

A l' 
Z = ZT - w T 

depend on zT' the estimator' 

(6.2a) 

(6.2b) 

The equations in (6.2) pr"ovicie an easy way (lf computing the optimal 

estimator of the missing obser"vation. When n=O, (6.2) yields the 

one-per'ioci-ahead forecast (lf the ser'les, while, when n-'im, (6.2) 

becomes the optimal es timator" (2.7) for the case uf an infini te sedes. 

If the missing ob%H"'vation is neiU' the b(~ginning of the sedes 

-case (8)- the pnavious det"Ívation would r"emain unchang~~d, applied to 

th(~ "n,!v~!r"sed" S{~r"ÜlS [ZT-tn" .zl]' In this case ex¡:wession (6.2a) 

holds, and (6.2b) becomes 

6.2. Mean Squar"ed Estimat.lon En"or·. 

When the last obser'vation ls ftw pedod (r ... n), fr"olll (6.1) the 

erTot" in the estilllator of the missing observation 1s equal to 

Since U(8) z - a this express ion becomes l'- T' 

and considedng that E[1rn (F) a T]2 = v~, the MSE of the estimator" is 

equal to 
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(6.3) 

the inverse of the truncated variance of the dual process, an expression 

which is trivial to compute given the 

reaches a maKÍmum for n=O (in which 

and a minimum for n~, when V~~VO' 

7. ~Sequence of Missing Observations 

7.1. Estimation 

Consider, first, 

observations Olt t=T and t=T+1. 

time 

Using 

" model (1.1). Of course, MSE(Zt) 

case i t i s equal to el = 1), 
a 

series z 
t 

an approach 

with two 

similar to 

missing 

that in 

Section 2, we constr'uct the obser'ved sedes Zt' given by: 

(ttT, T+1) 

where ú10 and ú11 are any unknown constants. In order to estimate 

these constants, define the dummy variables 

t:1T , 

and 

d 1 - O t*T+1 , t -

1 
dT+1 = 1 , 
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and, the intervention model 

can be writen as 

1t(B) Zt = W 1t(B) dO + wI 1t( B) 
o t 

Defining the var'Íables 

= 1t(B) 1t(B) 
o 

Yt Zt; x - d t ; ot 

expression (7.1) becomes 

The estimator" of w is then given by 
o 

" w = o 

dI 
t + a t (7.1) 

1t(B) dI xIt = t 

(7.2) 

Letting n~:n, str"aightfor'war"d computation yields (sumlllation signs 

extend fr"om 1 to (1» 

wher"e and are the var"iance and lag-one 
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autocovariance of the dual process. Replacing the above expressions in 

(7.2), it is obtained that 

VD 'Il'(B)'Il'(F) Z T- 'Y ~'Il'(B)'Il'(F) Z T+1 

" 6) = o V2 _ ('YD)2 
D 1 

-1 
VD 'Il'(B)'Il'(F) Z D -1 

T- P 1V D 'Il'(B)'Il'(F) 

= 
1 - (p~)2 

D (B) D D 
Z T+1 p Z T- P1 P (B) 

= 
1 - (p~)2 

Let 6)(1) represent the estimator 
o 

assuming that the only missing value is zT (i.e., 

let 6)~ 1) repr'esent the estimator' of 6)1 obtained 

the only missing value is zT+1 (i.e., by setting 

6)~1) = pD(B) Z 
J T+j 

(j=0,1) , 

and (7.3) can be rewriten: 

(1) O (1) 
6)0 - P1 6) 1 

= 

Z T+1 

= 

(7.3) 

of 6) obtained by 
o 

by setting 6)1=0,) and 

by assuming that the 

6) =0.) Then, fr'om (2.5), 
o 

(7.4) 

so that the estimator of the missing observation z can be obtained 
T 

through 

" " Z =Z -6) 
T T o 

(7.5) 

When the two observations zT and zT+1 are missing, 

expressions ("7.4) and (7.5) offer an easy procedur'e to estimate them. 



Fir'st, 

and Z 
t 

estimate 
(1) 

c..I • 
o 

missing 

linear' 
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construct 

is equal 

a new series Zt' 

to any ar'bi tr'ar"y 

such that Zt=Zt for t*T, 

number for t=T and T+1. 

w treating 
o 

as the only missing value; this 

Similarly, 

value; 

estimate c..I treating ZT+1 

this yields lc..l(1) Compute 
( 1) 1 (1) 

c..I and w 
o 1 

the 

then 

as 
~ 
c..I 

o 
by 

as 

combination of given 

T+1, 

Next, 

yields 

only 

the 

(7.4). 

b . " Su stractHlg c..I from (the arbitrarily chosen) ZT' the es tímator 
1\ o 
zT is obtained. 

1\ 
The estimator c..Io ' given by (7.4), is a linear combination 

O 
of the observed series Zt' Since the coefficient of ZT in P (B) ZT is 

one, and. in pO(B) ZT+1 it is p~, i t follows that the coefficient of 

ZT in (7.4) is one. Further'mon:~, sirlce the coefficient of Z in 
D T+1 

p (B) ZT is p~, arld in pO(B) ZT+1 it is Orle, the coefficient of ZT+1 

in (7.4) is zero. Considering (7.5), the estimator z does not depend 
t 

then on (ZT' ZT + 1)' the two ar'bi tr'ary numbers. 

In order' to obtain an estimator of the second missing 

observation, iT+ l , proceeding in a similar fashion we find 

" 61 1 = (7.6) 

A 
so that, again, zT+1' does not depend on (ZT' ZT+l)' It is easily 

seen that expr'esions (7.4) and (7.6) can be wdtten jointly as 

1 

O 
Pi 

-1 

The generalization to the case of k consecutive missing 

observatíons (zr"" zT+K-1) is straightforward: Let for the rest 

of the section, j=O,1, ... ,k-l. The observed series can be written as 
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t~(T, ... ,T+k-l) 

The set of dummy variables are given by 

for t 1- T+j 

1 . 

The regression equation becomes 

where 

Kjt = 11'(8) d j 
t 

A 
denote Let !d 

column vector with element 

Then, from (7.7), 

c= (X'X)-l X'y 

Since (summing over t) 

2 
EK. = VD Jt 

(7.7) 

(7.8) 

(7.9a) 

(7.9b) 

(7.9c) 

wher'e Y~ denotes the lag-h autocovar'Íance of the dual process, 

using (7.9b and c) the matr'ÍK (X'X) has all the elements of the j-th 



to y~ diagonal 
J 

wri tten as the symmetdc matdx: 

equal 
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Ther'efore X'X can be 

(7,10) 

wher"e and are the autocornüation and autocovariance 

llIatdces of the dual pr'ocess, tr'uncated to be of order (kxk), Using 

(7.9a) and (7.10), (7.8) can be expressed as 

-1 O 
RO P (8)Z 

I 

when! l denotes the vector' (lT' .. lT+k--l) , or', consídering (2.5), 

~ R-1 (1) 
w = O w , 

wher'e w(l) is the vector (W~l)., .w~~i)', and 

the estimator of w. obtained by assuming 
J 

(1 ) 
w j , 

that 

(7.11) 

as be fo r'e, deno te s 

Z is the only 
T+j 

missing obser'vation (Le., setting al! other w's equal to zer"o.) Then, 

the missing observations estimator's can be computed Uwough 

(7.12) 

and i t can be shown that they do not depend on the ar'bi trary numbers 

ZT' , . l.l+k_l ' 

Each estimator in (7.11) i s a linear combination of the 

individual estimator's that ar'e obtained by assuming, for each missing 

obser'vation, that t:he arbitr'adly chosen number's for" the other" llIissing 



- 29-

observations ar"e tr"ue, and applying the method of Section 2. The weights 

are the r'ows of the inver"se of the dual aub.Jcon'elation matdx 

(tr"uncated to be of the s&me or"der" &s the number" of missing 

observations. ) 

7.2. Mean--Squan:!d Estimation Err'or' 

Since the MSE of ~ in (7.8) is the matdx (X'X)-l, using 

(7.10) and noticing that 

A ,... 

ZT+ j - zT+ j = liJ j 1iJ, 
J 

it follows 

given 'r!y 

that the MSE of the " 1\ A , 
estilllator" Z -- (zT"",zT+k_l) is 

where nD is the autocov&r'Íance matdx of the dual pr"ocess. 

We !'lave seen how to estimate an isolated missing obser'vation oro' 

a sequence of consecutive llIissing observations. The method of Secti6n 7 

can be eas i ly extended to cover the general case of any ar'bi trar'y 

mixtur-'e of missing obser"vations, wher'eby some may be isolated, some m&y 

be consecutive, and their' r'elative distances in the sedes may not be 

lar'ge enough to allow fol" sepa.r"ate estimation. 

Assume that, in gener"al, the sedes Z 
t 

has k missing 

observations at pedods T, T+m1 , T+m2 ,···, T+mk_ 1 , wher-'e m1, ... ,mk_ 1 an~ 

Positive integers such that m Cm cm Let J' O 1 k 1 and 1 2'" k-l' = , , .. , I - , 

define the dummy variables: 
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di = O for t -:f:. T+m. 
t J 

= 1 .. t = T+m. 
J 

where m =0. The r'egres s ion equation 
o 

Xjt are as before and the 

i s given by (7,7), wher'e y and 
¡.. I t 

vector W=(c.Jo ' .. c.Jk_ 1 ) is also 

given by C7 .8). The expressions in (7.9) remain unchanged, except for 

(7,9a) which becomes now 

The matrix (X"X) is equal to 

wher'e R is the (kxk) symllletdc matdx: 

1 
O O O 

Pm Pm P 
1 2 

mk_ 1 

1 O O 
P P m2-m1 mk_ 1-m1 

R = (8.1) 
1 

1 

and therefore 
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01" 

1\ 

úI = R- 1 (1) 
úI , 

and the missing observations estimator can be obtained through 

~ = Z 
A 

- úI 

Estimation of the missing observations in the general case 

amounts, thus, to the following pr'ocedure: First, fill the holes in the 

series with arbitr"ar'y numbers. Compute then ú1(1) as in Section 2 
o 

(Le., assuming only the observation for t=T is miSsing.) In a similar 

way, compute ú1~1) and hence the vector' ú1(1). For'm the matrix 
J 1 (1) 

R given by (8.1). Then R- úI yields ~ and, substracting this 

vector from the arbitr'adly chosen vector Z, the vector 2 of estimators 

of the missing observations is obtained. Using the same dedvation as in 

" Section 7.2, the MSE matdx of the estimator z is given by the matdx 
-1 

(VD R) ,01" 

1 'YO 'YO 'YO -1 

mI m2 mk_ 1 

1 'YO 'YO 

... 
m2-mi nlk_Cnl 1 

MSE(z) = 
1 

1 

wher'e 'Y~ is the j-th order autocovariance of the dual process. 
J 

As an example, assume the series Zt has missing obS'ervations 

for t=T, T+1 and T+4. The matrix R is then equal to 
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1 
O O 

P1 P4 

R 
O 

1 
O = Pl P3 

O O 
1 P4 P3 

1\ lo 1\ '" and w= (w , w1 ' ( 2 ) is given by 
o 

ZT 

/\ 
R-1 l (B) w= ZT+l 

ZT+4 

Or'opping, for notational s implici ty, the supersct"ipt "O" from the dual 

autocorrelations, the estimator' w is found to be 
o 

where 

IRI 

Since the coefficient of 

respectively, 1, P1 and P4' it is 

in p(B)ZT' p(B)ZT+l' and p(B)ZT+4 is, 

easily seen that the coefficient of 

Z'T in (8.2) is 1. Similarly, the coefficients of Z and Z 
T+1 T+4 

in 

(8.2) are seen to be zero, so that the estimator of zT 

does not depend on the three arbitrary numbers ZT' ZT+l and ZT+4' 

(8.2) 
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